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C H A P T E R 4

Passive Electrical Flow
in Neurons

Neurons are among the most important and interesting cells in the body. They are the
fundamental building blocks of the central nervous system and hence responsible for
motor control, cognition, perception, and memory, among other things. Although our
understanding of how networks of neurons interact to form an intelligent system is
extremely limited, one prerequisite for an understanding of the nervous system is an
understanding of how individual nerve cells behave.

A typical neuron consists of three principal parts: the dendrites; the cell body, or
soma; and the axon. The structure of some typical neurons is shown in Fig. 4.1. Den-
drites are the input stage of a neuron and receive synaptic input from other neurons.
The soma contains the necessary cellular machinery such as a nucleus and mitochon-
dria, and the axon is the output stage. At the end of the axon (which may also be
branched, as are the dendrites) are synapses, which are cellular junctions specialized
for the transmission of an electrical signal (Chapter 8). Thus, a single neuron may re-
ceive input along its dendrites from a large number of other neurons, which is called
convergence, and may similarly transmit a signal along its axon to many other neurons,
called divergence.

The behaviors of the dendrites, axon, and synapses are all quite different. The
spread of electrical current in a dendritic network is (mostly) a passive process that
can be well described by the diffusion of electricity along a leaky cable. The axon,
on the other hand, has an excitable membrane of the type described in Chapter 5,
and thus can propagate an electrical signal actively. At the synapse (Chapter 8), the
membrane is specialized for the release or reception of chemical neurotransmitters.
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Figure 4.1 Structure of typical neurons.The motor neuron is from a mammalian spinal cord
and was drawn by Dieters in 1869.The other cells were drawn by Ramón y Cajal.The pyramidal
cell is from mouse cortex, and the mitral cell from the olfactory bulb of a cat. (Kuffler et al.,
1984, Fig. 1, p. 10.)

In this chapter we discuss how to model the behavior of a cable, and then focus on
the passive spread of current in a dendritic network; in the following chapter we show
how an excitable membrane can actively propagate an electrical impulse, or action
potential.

Although we discuss neurons in a number of chapters throughout this book, we
cover them only in relatively little depth. For more comprehensive treatments of neu-
rons and theoretical neuroscience the reader is referred to the excellent books by Jack
et al. (1975), Koch and Segev (1998), Koch (1999), Dayan and Abbott (2001) and de
Schutter (2000).
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4.1 The Cable Equation

One of the first things to realize from the pictures in Fig. 4.1 is that it is unlikely that
the membrane potential is the same at each point. In some cases spatial uniformity can
be achieved experimentally (for example, by threading a silver wire along the axon, as
did Hodgkin and Huxley), but in vivo, the intricate branched structure of the neuron
can create spatial gradients in the membrane potential. Although this seems clear to
us now, it was not until the pioneering work of Wilfrid Rall in the 1950s and 1960s that
the importance of spatial effects gained widespread acceptance.

To understand something of how spatial distribution affects the behavior of a ca-
ble, we derive the cable equation. The theory of the flow of electricity in a leaky cable
dates back to the work of Lord Kelvin in 1855, who derived the equations to study the
transatlantic telegraph cable then under construction. However, the application of the
cable equation to neuronal behavior is mainly due to Hodgkin and Rushton (1946), and
then a series of classic papers by Rall (1957, 1959, 1960, 1969; an excellent summary
of much of Rall’s work on electrical flow in neurons is given in Segev et al., 1995.)

We view the cell as a long cylindrical piece of membrane surrounding an interior of
cytoplasm (called a cable). We suppose that everywhere along its length, the potential
depends only on the length variable and not on radial or angular variables, so that the
cable can be viewed as one-dimensional. This assumption is called the core conductor
assumption (Rall, 1977). We now divide the cable into a number of short pieces of isopo-
tential membrane each of length dx. In any cable section, all currents must balance,
and there are only two types of current, namely, transmembrane current and axial cur-
rent (Fig. 4.2). The axial current has intracellular and extracellular components, both
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Figure 4.2 Schematic diagram of a discretized cable, with isopotential circuit elements of
length dx .
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of which are assumed to be ohmic, i.e., linear functions of the voltage. Hence,

Vi(x+ dx)− Vi(x) = −Ii(x)ridx, (4.1)

Ve(x+ dx)− Ve(x) = −Ie(x)redx, (4.2)

where Ii and Ie are the intracellular and extracellular axial currents respectively. The
minus sign on the right-hand side appears because of the convention that positive
current is a flow of positive charges from left to right (i.e., in the direction of increasing
x). If Vi(x + dx) > Vi(x), then positive charges flow in the direction of decreasing x,
giving a negative current. In the limit dx→ 0,

Ii = − 1
ri

∂Vi

∂x
, (4.3)

Ie = − 1
re

∂Ve

∂x
. (4.4)

The numbers ri and re are the resistances per unit length of the intracellular and
extracellular media, respectively. In general,

ri = Rc

Ai
, (4.5)

where Rc is the cytoplasmic resistivity, measured in units of Ohms-length, and Ai is
the cross-sectional area of the cylindrical cable. A similar expression holds for the
extracellular space, so if the cable is in a bath with large (effectively infinite) cross-
sectional area, the extracellular resistance re is nearly zero.

Next, from Kirchhoff’s laws, any change in extracellular or intracellular axial
current must be due to a transmembrane current, and thus

Ii(x)− Ii(x+ dx) = Itdx = Ie(x+ dx)− Ie(x), (4.6)

where It is the total transmembrane current (positive outward) per unit length of
membrane. In the limit as dx→ 0, this becomes

It = −∂Ii

∂x
= ∂Ie

∂x
. (4.7)

In a cable with no additional current sources, the total axial current is IT = Ii + Ie, so
using that V = Vi − Ve, we find

−IT = ri + re

rire

∂Vi

∂x
− 1

re

∂V
∂x

, (4.8)

from which it follows that

1
ri

∂Vi

∂x
= 1

ri + re

∂V
∂x
− re

ri + re
IT . (4.9)

On substituting (4.9) into (4.7), we obtain

It = ∂

∂x

(
1

ri + re

∂V
∂x

)
, (4.10)
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where we have used (4.3) and the fact that IT is constant. Finally, recall that the
transmembrane current It is a sum of the capacitive and ionic currents, and thus

It = p
(

Cm
∂V
∂t
+ Iion

)
= ∂

∂x

(
1

ri + re

∂V
∂x

)
, (4.11)

where p is the perimeter of the axon. Equation (4.11) is usually referred to as the cable
equation. Note that Cm has units of capacitance per unit area of membrane, and Iion has
units of current per unit area of membrane. If a current Iapplied, with units of current
per unit area, is applied across the membrane (as before, taken positive in the outward
direction), then the cable equation becomes

It = p
(

Cm
∂V
∂t
+ Iion + Iapplied

)
= ∂

∂x

(
1

ri + re

∂V
∂x

)
. (4.12)

It is useful to nondimensionalize the cable equation. To do so we define the mem-
brane resistivity Rm as the resistance of a unit square area of membrane, having units
of � cm2. For any fixed V0, Rm is determined by measuring the change in membrane
current when V is perturbed slightly from V0. In mathematical terms,

1
Rm
= dIion

dV

∣∣∣∣
V=V0

. (4.13)

Although the value of Rm depends on the chosen value of V0, it is typical to take V0

to be the resting membrane potential to define Rm. Note that if the membrane is an
ohmic resistor, then Iion = V/Rm, in which case Rm is independent of V0.

Assuming that ri and re are constant, the cable equation (4.11) can now be written
in the form

τm
∂V
∂t
+ RmIion = λ2

m
∂2V
∂x2 , (4.14)

where

λm =
√

Rm

p(ri + re)
(4.15)

has units of distance and is called the cable space constant, and where

τm = RmCm (4.16)

has units of time and is called the membrane time constant. If we ignore the
extracellular resistance, then

λm =
√

Rmd
4Rc

, (4.17)

where d is the diameter of the axon (assuming circular cross-section). Finally, we rescale
the ionic current by defining Iion = −f (V , t)/Rm for some f , which, in general, is a
function of both voltage and time and has units of voltage, and nondimensionalize
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.Table 4.1 Typical parameter values for a variety of excitable cells.

parameter d Rc Rm Cm τm λm

units 10−4 cm � cm 103� cm2 μF/cm2 ms cm

squid giant axon 500 30 1 1 1 0.65

lobster giant axon 75 60 2 1 2 0.25

crab giant axon 30 90 7 1 7 0.24

earthworm giant axon 105 200 12 0.3 3.6 0.4

marine worm giant axon 560 57 1.2 0.75 0.9 0.54

mammalian cardiac cell 20 150 7 1.2 8.4 0.15

barnacle muscle fiber 400 30 0.23 20 4.6 0.28

space and time by defining new variables X = x/λm and T = t/τm. In the new variables
the cable equation is

∂V
∂T
= ∂2V
∂X2 + f (V , T). (4.18)

Although f is written as a function of voltage and time, in many of the simpler versions
of the cable equation, f is a function of V only (for example, (4.19) below). Typical
parameter values for a variety of cells are shown in Table 4.1.

4.2 Dendritic Conduction

To complete the description of a spatially distributed cable, we must specify how the
ionic current depends on voltage and time. In the squid giant axon, f (V , t) is a function
of m, n, h, and V as described in Chapter 5. This choice for f allows waves that propa-
gate along the axon at constant speed and with a fixed profile. They require the input
of energy from the axon, which must expend energy to maintain the necessary ionic
concentrations, and thus they are often called active waves.

Any electrical activity for which the approximation f = −V is valid (i.e., if the
membrane is an Ohmic resistor) is said to be passive activity. There are some cables,
primarily in neuronal dendritic networks, for which this is a good approximation in
the range of normal activity. For other cells, activity is passive only if the membrane
potential is sufficiently small. For simplicity in a passive cable, we shift V so that the
resting potential is at V = 0. Thus,

∂V
∂T
= ∂2V
∂X2 − V , (4.19)
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which is called the linear cable equation. In the linear cable equation, current flows
along the cable in a passive manner, leaking to the outside at a linear rate.

There is a vast literature on the application of the linear cable equation to dendritic
networks. In particular, the books by Jack et al. (1975) and Tuckwell (1988) are largely
devoted to this problem, and provide detailed discussions of the theory. Koch and Segev
(1998) and Koch (1999) also provide excellent introductions.

4.2.1 Boundary Conditions

To determine the behavior of a single dendrite, we must first specify initial and bound-
ary conditions. Usually, it is assumed that at time T = 0, the dendritic cable is in its
resting state, V = 0, and so

V(X , 0) = 0. (4.20)

Boundary conditions can be specified in a number of ways. Suppose that X = Xb is a
boundary point.

1. Voltage-clamp boundary conditions: If the voltage is fixed (i.e., clamped) at X = Xb,
then the boundary condition is of Dirichlet type,

V(Xb, T) = Vb, (4.21)

where Vb is the specified voltage level.
2. Short circuit: If the ends of the cable are short-circuited, so that the extracellular

and intracellular potentials are the same at X = Xb, then

V(Xb, T) = 0. (4.22)

This is a special case of the voltage clamp condition in which Vb = 0.
3. Current injection: Suppose a current I(T) is injected at one end of the cable. Since

Ii = − 1
ri

∂Vi

∂x
= − 1

riλm

∂Vi

∂X
, (4.23)

the boundary condition (ignoring extracellular resistance, so that the extracellular
potential is uniform) is

∂V(Xb, T)
∂X

= −riλmI(T). (4.24)

If Xb is at the left end, this corresponds to an inward current, while if it is on the
right end, this is an outward current, if I(T) is positive.

4. Sealed ends: If the end at X = Xb is sealed to ensure that there is no current
across the endpoint, then the boundary condition is the homogeneous Neumann
condition,

∂V(Xb, T)
∂X

= 0, (4.25)

a special case of an injected current for which I(T) = 0.
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4.2.2 Input Resistance

One of the most important simple solutions of the cable equation corresponds to the
situation in which a steady current is injected at one end of a semi-infinite cable. This is
a common experimental protocol (although never with a truly semi-infinite cable) that
can be used to determine the cable parameters Rm and Rc. Suppose the cable extends
from X = 0 to X = ∞ and that a steady current I0 is injected at X = 0. Then, the
boundary condition at X = 0 is

dV(0)
dX

= −riλmI0. (4.26)

Setting ∂V/∂T = 0 and solving (4.19) subject to the boundary condition (4.19) gives

V(X) = λmriI0e−X = V(0)e−X = V(0)e−x/λm . (4.27)

Clearly, by measuring the rate at which the voltage decays along the cable, λm can be
determined from experimental data. The input resistance Rin of the cable is defined to
be the ratio V(0)/I0 = λmri. Recall that when the extracellular resistance is ignored,

λm =
√

Rmd
4Rc

. (4.28)

Combining this with (4.5) gives

Rin = λmri =
√

4RmRc

π2

1

d
3
2

. (4.29)

Hence, the input resistance of the cable varies with the −3/2 power of the cable diam-
eter, a fact that is of importance for the behavior of the cable equation in a branching
structure. Since both the input resistance and the space constant of the cable can be
measured experimentally, Rm and Rc can be calculated from experimental data.

Some solutions to the cable equation for various types of cable and boundary con-
ditions are discussed in the exercises. Tuckwell (1988) gives a detailed discussion of
the various types of solutions and how they are obtained.

4.2.3 Branching Structures

The property of neurons that is most obvious from Fig. 4.1 is that they are exten-
sively branched. While the procedure to find solutions on a branched cable network
is straightforward in concept, it can be quite messy in application. Thus, in what fol-
lows, we emphasize the procedure for obtaining the solution on branching structures,
without calculating specific formulas.

The Steady-State Solution
It is useful first to consider the simplest branched cable, depicted in Fig. 4.3. The cable
has a single branch point, or node, at X = L1, and the two offspring branches extend
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X=L1

X=L21

X=L22

Parent branch

Offspring

X=0

Figure 4.3 Diagram of the simplest possible branched cable.

to L21 and L22, respectively. For convenience we express all lengths in nondimensional
form, with the reminder that nondimensional length does not correspond to physical
length, as the distance variable x along each branch of the cable is scaled by the length
constant λm appropriate for that branch, and each branch may have a different length
constant.

We construct the solution in three parts: V1 on cylinder 1, and V21 and V22 on the
two offspring cylinders. At steady state each V satisfies the differential equation V ′′ = V ,
and so we can immediately write the general solution as

V1 = A1e−X + B1eX , (4.30)

V21 = A21e−X + B21eX , (4.31)

V22 = A22e−X + B22eX , (4.32)

where the A’s and B’s are unknown constants. To determine the 6 unknown constants,
we need 6 constraints, which come from the boundary and nodal conditions. For
boundary conditions, we assume that a current I0 is injected at X = 0 and that the
terminal ends (at X = L21 and X = L22) are held fixed at V = 0. Thus,

dV1(0)
dX

= −riλmI0, (4.33)

V21(L21) = V22(L22) = 0. (4.34)

The remaining three constraints come from conditions at the node. We require that V
be a continuous function and that current be conserved at the node. It follows that

V1(L1) = V21(L1) = V22(L1), (4.35)

and

d3/2
1

√
π2

4RmRc

dV1(L1)

dX
= d3/2

21

√
π2

4RmRc

dV21(L1)

dX
+ d3/2

22

√
π2

4RmRc

dV22(L1)

dX
. (4.36)
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If we make the natural assumption that each branch of the cable has the same
physical properties (and thus have the same Rm and Rc), although possibly differing in
diameter, the final condition for conservation of current at the node becomes

d3/2
1

dV1(L1)

dX
= d3/2

21
dV21(L1)

dX
+ d3/2

22
dV22(L1)

dX
. (4.37)

We thus have six linear equations for the six unknown constants; explicit solution
of this linear system is left for Exercise 6.

More General Branching Structures
For this method to work for more general branching networks, there must be enough
constraints to solve for the unknown constants. The following argument shows that
this is the case. First, we know that each branch of the tree contributes two unknown
constants, and thus, if there are N nodes, there are 1+2N individual cables with a total
of 2+ 4N unknown constants. Each node contributes three constraints, and there are
2+N terminal ends (including that at X = 0), each of which contributes one constraint,
thus giving a grand total of 2+4N constraints. Thus, the resulting linear system is well-
posed. Of course, a unique solution is guaranteed only if this system is invertible, which
is not known a priori.

Equivalent Cylinders
One of the most important results in the theory of dendritic trees is due to Rall (1959),
who showed that under certain conditions, the equations for passive electrical flow
over a branching structure reduce to a single equation for electrical flow in a single
cylinder, the so-called equivalent cylinder.

To see this reduction in a simple setting, consider again the branching structure of
Fig. 4.3. To reduce this to an equivalent cylinder we need some additional assumptions.
We assume, first, that the two offspring branches have the same dimensionless lengths,
L21 = L22, and that their terminals have the same boundary conditions. Since V21 and
V22 obey the same differential equation on the same domain, obey the same boundary
conditions at the terminals, and are equal at the node, it follows that they must be
equal. That is,

dV21(L1)

dX
= dV22(L1)

dX
. (4.38)

Substituting (4.38) into (4.37) we then get

d3/2
1

dV1(L1)

dX
= (d3/2

21 + d3/2
22 )

dV21(L1)

dX
. (4.39)

Finally (and this is the crucial assumption), if we assume that

d3/2
21 + d3/2

22 = d3/2
1 , (4.40)
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then

dV1(L1)

dX
= dV21(L1)

dX
. (4.41)

Thus V1 and V21 have the same value and derivative at L1 and obey the same differential
equation. It follows that the composite function

V =
{

V1(X), 0 ≤ X ≤ L1,
V21(X), L1 ≤ X ≤ L21,

(4.42)

is continuous with a continuous derivative on 0 < X < L21 and obeys the cable equation
on that same interval. Thus, the simple branching structure is equivalent to a cable of
length L21 and diameter d1.

More generally, if the branching structure satisfies the following conditions:

1. Rm and Rc are the same for each branch of the cable;
2. At every node the cable diameters satisfy an equation analogous to (4.40). That is,

if d0 is the diameter of the parent branch, and d1, d2, . . . are the diameters of the
offspring, then

d3/2
0 = d3/2

1 + d3/2
2 + · · · ; (4.43)

3. The boundary conditions at the terminal ends are all the same;
4. Each terminal is the same dimensionless distance L from the origin of the tree (at

X = 0);

then the entire tree is equivalent to a cylinder of length L and diameter d1, where d1 is
the diameter of the cable at X = 0. Using an inductive argument, it is not difficult to
show that this is so (although a rigorous proof is complicated by the notation). Working
from the terminal ends, one can condense the outermost branches into equivalent
cylinders, then work progressively inwards, condensing the equivalent cylinders into
other equivalent cylinders, and so on, until only a single cylinder remains. It is left as an
exercise (Exercise 7) to show that during this process the requirements for condensing
branches into an equivalent cylinder are never violated.

4.2.4 A Dendrite with Synaptic Input

Suppose we have a dendrite with a time-dependent synaptic input at some point along
the dendrite. Then the potential along the cable satisfies the equation

∂V
∂T
= ∂2V
∂X2 − V + g(T)δ(X − Xs)(Ve − V), (4.44)

with Vx = 0 at both ends of the cable x = 0, L (assuming the ends of the cable are
sealed). (For a derivation of the form of the synaptic input, see Chapter 8.)

There are two questions one might ask. First, one might want to know the voltage
at the end of the cable with a given input function g(t). However, it is more likely that
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the voltage at the ends of the cable can be measured so it is the input function g(t) and
its location Xs that one would like to determine. This latter is the question we address
here.

We suppose that V(0, t) = V0(t) and V(L, t) = V1(t) are known. Notice that we can
integrate the governing equation with respect to time and find that

V0XX − V0 = 0, (4.45)

provided X �= Xs, where V0(x) =
∫∞
−∞ V(X , T) dX , and V0 must satisfy boundary

conditions V0(0) = V0
0 , V0(L) = V1

0 , where Vj
0 =

∫∞
−∞ Vj(T) dT, j = 0, 1. It follows

that

V0(X) =
{

V0
0 cosh(x), X < Xs,

V1
0 cosh(L− x), X > Xs.

(4.46)

Since V0(X) must be continuous at X = Xs, it must be that

V0
0

V1
0

= cosh(L− Xs)

cosh(Xs)
= F(Xs). (4.47)

The function F(Xs) is a monotone decreasing function of Xs, so there is at most one
value of Xs which satisfies (4.47).

Next, notice that integrating (4.44) across X = Xs gives the jump condition

VX |X
+
s

X−s
= g(T)(V(Xs)− Ve), (4.48)

so that g(T) is determined from

g(T) = VX (X+s )− VX (X−s )
V(Xs)− Ve

. (4.49)

Now, the Fourier transform of V is

V̂(x,ω) =
∫ ∞

−∞
V(X , T)e−iωT dT, (4.50)

and the Fourier transformed equation is

V̂XX − (1− iω)V̂ = 0, (4.51)

for X �= Xs. It follows that

V̂(X) =
{

V̂0(ω) cosh(μ(ω)x), X < Xs,
V̂0(ω) cosh(μ(ω)(L− x)), X > Xs,

(4.52)

where μ2(ω) = 1− iω. We now calculate V(x) using the inverse Fourier transform and
find

V(Xs) = 1
2π

∫ ∞

−∞
V̂0(ω) cosh(μ(ω)Xs)eiωT dω, (4.53)

VX (X−s ) =
1

2π

∫ ∞

−∞
V̂0(ω)μ(ω) sinh(μ(ω)Xs)eiωT dω, (4.54)
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and

V(X+s ) =
1

2π

∫ ∞

−∞
V̂0(ω)μ(ω) sinh(μ(ω)(Xs − L))eiωT dω. (4.55)

These combined with (4.49), uniquely determine g(T).
This calculation and its extension to multiple synaptic inputs is due to Cox (2004).

4.3 The Rall Model of a Neuron

When studying a model of a neuron, the item of greatest interest is often the voltage
at the cell body, or soma. This is primarily because the voltage at the cell body can
be measured experimentally with greater ease than can the voltage in the dendritic
network, and further, it is the voltage at the soma that determines whether or not the
neuron fires an action potential. Therefore, it is important to determine the solution of
the cable equation on a dendritic network when one end of the network is connected
to a soma. The most common approach to incorporating a soma into the model is due
to Rall (1960), and is called the Rall lumped-soma model.

The three basic assumptions of the Rall model are, first, that the soma is isopotential
(i.e., that the soma membrane potential is the same at all points), second, that the soma
acts like a resistance (Rs) and a capacitance (Cs) in parallel, and, third, that the dendritic
network can be collapsed into a single equivalent cylinder. This is illustrated in Fig. 4.4.

The potential V satisfies the cable equation on the equivalent cylinder. The bound-
ary condition must account for current flow within the soma and into the cable. Thus,
if I0 denotes an applied current at X = 0, then the boundary condition is

I0 = − 1
ri

∂V(0, t)
∂x

+ Cs
∂V(0, t)
∂t

+ V(0, t)
Rs

, (4.56)

so that

RsI0 = −γ ∂V(0, T)
∂X

+ σ ∂V(0, T)
∂T

+ V(0, T), (4.57)

where σ = CsRs/τm = τs/τm and γ = Rs/(riλm). For convenience we assume that the
time constant of the soma is the same as the membrane time constant, so that σ = 1.

4.3.1 A Semi-Infinite Neuron with a Soma

We first calculate the steady response of a semi-infinite neuron to a current I0 injected
at X = 0, as in Section 4.2.2. As before, we set the time derivative to zero to get

d2V
dX2 = V , (4.58)

V(0)− γ dV(0)
dX

= RsI0, (4.59)
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A B

C

D

soma

soma

soma

equivalent cylinder

equivalent cylinder

Rs

Cs

dendritic network equivalent
cylinders

Figure 4.4 Schematic diagram of the Rall lumped-soma model of the neuron. First, it is
assumed that the dendritic network pictured in A is equivalent to the equivalent cylinders
shown in B, and that these cylinders are themselves equivalent to a single cylinder as in C.The
soma is assumed to be isopotential and to behave like a resistance and capacitance in parallel,
as in D.

which can easily be solved to give

V(X) = Rs

riλm + Rs
riλmI0e−X . (4.60)

This solution is nearly the same as the steady response of the equivalent cylinder with-
out a soma to an injected current, except that V is decreased by the constant factor
Rs/(Rs+riλm) < 1. As Rs →∞, in which limit the soma carries no current, the solution
to the lumped-soma model approaches the solution to the simple cable.

The input resistance Rin of the lumped-soma model is

Rin = V(0)
I0
= riλmRs

riλm + Rs
, (4.61)

and thus
1

Rin
= 1

riλm
+ 1

Rs
. (4.62)
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Since riλm is the input resistance of the cylinder, the input conductance of the lumped-
soma model is the sum of the input conductance of the soma and the input conductance
of the cylinder. This is as expected, since the equivalent cylinder and the soma are in
parallel.

4.3.2 A Finite Neuron and Soma

We now calculate the time-dependent response of a finite cable and lumped soma to a
delta function current input at the soma, as this is readily observed experimentally.

We assume that the equivalent cylinder has finite length L. Then the potential
satisfies

∂V
∂T
= ∂2V
∂X2 − V , 0 < X < L, T > 0, (4.63)

[6bp]V(X , 0) = 0, (4.64)

with boundary conditions

∂V(L, T)
∂X

= 0, (4.65)

[6bp]∂V(0, T)
∂T

+ V(0, T)− γ ∂V(0, T)
∂X

= Rsδ(T). (4.66)

Note that the boundary condition (4.66) is equivalent to

∂V(0, T)
∂T

+ V(0, T)− γ ∂V(0, T)
∂X

= 0, T > 0, (4.67)

together with the initial condition

V(0, 0) = Rs. (4.68)

We begin by seeking a generalized Fourier series expansion of the solution. Using
separation of variables, we find solutions of the form

V(X , T) = φ(X)e−μ2T , (4.69)

where φ satisfies the differential equation

φ′′ − (1− μ2)φ = 0, (4.70)

with boundary conditions (when T > 0)

φ′(L) = 0, (4.71)

φ′(0) = φ(0)1− μ
2

γ
. (4.72)

The solution of (4.70) is

φ = A cos(λX)+ B sin(λX), (4.73)
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for some constants A and B and λ2 = μ2 − 1, and applying the boundary conditions,
we find

B = −λA
γ

(4.74)

and

tan(λL) = − λ
γ

. (4.75)

The roots of (4.75) determine the eigenvalues. Although the eigenvalues cannot
be found analytically, they can be determined numerically. A graph of the left- and
right-hand sides of (4.75), showing the location of the eigenvalues as intersections of
these curves, is given in Fig. 4.5. There is an infinite number of discrete eigenvalues,
labeled λn, with λ0 = 0. Expecting the full solution to be a linear combination of the
eigenfunctions, we write

V(X , T) =
∞∑

n=0

Anφn(X) exp(−(1+ λ2
n)T), (4.76)

where

φn(X) = cos(λnX)− λn

γ
sin(λnX). (4.77)
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Figure 4.5 The eigenvalues of (4.63)–(4.66) are determined by the intersections of the curves
tan(λL) and −λ/γ . In this figure, L = γ = 1.
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Note that if λn is an eigenvalue, so also is−λn, but the eigenfunction φn(X) = cos(λnX)−
λn
γ

sin(λnX) is an even function of λn, so it suffices to include only positive eigenvalues
in the expansion.

We now strike a problem. The standard procedure is to expand the initial condi-
tion in terms of the eigenfunctions and thereby determine the coefficients An. However,
the eigenfunctions are not mutually orthogonal in the usual way, so the standard ap-
proach fails. One way around this is to construct a nonorthogonal expansion of the
initial condition, an approach used by Durand (1984). A different approach (Bluman
and Tuckwell, 1987; Tuckwell, 1988) is to calculate the Laplace transform of the solu-
tion, and then, by matching the two forms of the solution, obtain expressions for the
unknown coefficients.

Here we present a different approach. The standard Fourier series approach can be
rescued by introducing a slightly different operator and inner product (Keener, 1998).
Suppose we consider a Hilbert space of vectors of the form

U =
(

u(x)
α

)
, (4.78)

where α is a real scalar, with the inner product

〈U, V〉 =
∫ L

0
u(x)v(x) dx+ γαβ, (4.79)

where V =
(

v(x)
β

)
. The differential operator L on this space is defined by

LU =
(

u′′(x)
u′(0)

)
, (4.80)

with the boundary conditions u′(L) = 0 and u(0) = γα. Now, the usual calculation
shows that the operator L is a self-adjoint operator with the inner product defined
by (4.79). Furthermore, the eigenfunctions of L, L� = κ� satisfy the two equations
φ′′(x) = κφ(x) and γφ′(0) = κφ(0), which are exactly the equations (4.70) and (4.72)
with κ = 1 − μ2. It follows immediately that the eigenfunctions of the operator L are
orthogonal and complete on this Hilbert space and are given by

�n(X) =
(
φn(X)
φn(0)
γ

)
. (4.81)

Furthermore, the solution of the full problem can be written in this Hilbert space as
(

V(X , T)
1
γ

V(0, T)

)
=
∞∑

n=0

An�n(X) exp(−(1+ λ2
n)T), (4.82)
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and the coefficients are found by requiring
(

V(X , 0)
1
γ

V(0, 0)

)
=
∞∑

n=0

An�n(X) =
(

0
Rs
γ

)
. (4.83)

The coefficients An are now found by taking the inner product of (4.83) with �n(X)
with the result

An = Rs

γ 〈�n,�n〉 , (4.84)

where

γ 〈�n,�n〉 = γ
∫ L

0

(
cos(λnX)− λn

γ
sin(λnX)

)2

dX + 1

= 1
2
+ L

2γ
(γ 2 + μ2

n). (4.85)

4.3.3 Other Compartmental Models

The methods presented above give some idea of the difficulty of calculating analytical
solutions to the cable equation on branching structures, with or without a soma termi-
nation. Since modern experimental techniques can determine the detailed structure of
a neuron (for example, by staining with horseradish peroxidase), it is clear that more
experimental information can be obtained than can be incorporated into an analyti-
cal model (as is nearly always the case). Thus, one common approach is to construct a
large computational model of a neuron and then determine the solution by a numerical
method.

In a numerical approach, a neuron is divided into a large number of small pieces, or
compartments, each of which is assumed to be isopotential. Within each compartment
the properties of the neuronal membrane are specified, and thus some compartments
may have excitable kinetics, while others are purely passive. The compartments are
then connected by an axial resistance, resulting in a large system of coupled ordinary
differential equations, with the voltage specified at discrete places along the neuron.

Compartmental models, numerical methods for their solution, and software pack-
ages used for these kinds of models are discussed in detail in Koch and Segev (1998)
and de Schutter (2000), to which the interested reader is referred.

4.4 Appendix: Transform Methods

To follow all of the calculations and complete all the exercises in this chapter, you will
need to know about Fourier and Laplace transforms, generalized functions and the
delta function, Green’s functions, as well as some aspects of complex variable theory,
including contour integration and the residue theorem. If you have made it this far
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into this book, then you are probably familiar with these classic techniques. However,
should you need a reference for these techniques, there are many books with the generic
title “Advanced Engineering Mathematics,” from which to choose (see, for example,
Kreyszig (1994), O’Neill (1983), or Kaplan (1981)). At an intermediate level one might
consider Strang (1986) or Boyce and DiPrima (1997). Keener (1998) provides a more
advanced coverage of this material.

4.5 Exercises
1. Calculate the input resistance of a cable with a sealed end at X = L. Determine how the

length of the cable, and the boundary condition at X = L, affects the input resistance, and
compare to the result for a semi-infinite cable.

2. (a) Find the fundamental solution K of the linear cable equation satisfying

−d2K

dX2
+ K = δ(X − ξ), −∞ < X <∞, (4.86)

where δ(X − ξ) denotes an inward flow of positive current at the point X = ξ .

(b) Use the fundamental solution to construct a solution of the cable equation with
inhomogeneous current input

−d2V

dX2
+ V = I(X). (4.87)

3. Solve

−d2G(X)

dx2
+G(X) = δ(X − ξ), 0 < X , ξ < L, (4.88)

subject to (i) sealed end, and (ii) short circuit, boundary conditions.

4. (a) Use Laplace transforms to find the solution of the semi-infinite (time-dependent) cable
equation with clamped voltage

V(X , 0) = 0 (4.89)

and current input

∂V(0, T)
∂X

= −riλmI0H(T), (4.90)

where H is the Heaviside function.
Hint: Use the identity

2

s
√

s+ 1
= 1

s+ 1−√s+ 1
− 1

s+ 1+√s+ 1
, (4.91)

and then use

L−1

{
e−a
√

s

s+ b
√

s

}
= eb2T+aberfc

(
a

2
√

T
+ b
√

T
)

, (4.92)

where L−1 denotes the inverse Laplace transform.

(b) Show that

V(X , T)→ riλmI0e−X (4.93)

as T →∞.
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5. Calculate the time-dependent Green’s function for a finite cylinder of length L for (i) sealed
end, and (ii) short circuit, boundary conditions. These may be calculated in two different
ways, either using Fourier series or by constructing sums of fundamental solutions.

6. By solving for the unknown constants, calculate the solution of the cable equation on the
simple branching structure of Fig. 4.3. Show explicitly that this solution is the same as the
equivalent cylinder solution, provided the necessary conditions are satisfied.

7. Show that if the conditions in Section 4.2.3 are satisfied, a branching structure can be
condensed into a single equivalent cylinder.

8. Show that

∂V
∂T
= ∂2V

∂X2
− V + δ(X)δ(T), T ≥ 0, (4.94)

with V(X , T) = 0 for T < 0, is equivalent to

∂V
∂T
= ∂2V

∂X2
− V , T > 0, (4.95)

with initial condition

V(X , 0) = δ(X). (4.96)

9. Find the numerical solution of (4.44) with g(T) = Te−aT . From this determine V0(T) and
V1(T) and use (4.47) to determine Xs. How does the computed value of Xs compare with
the original value?

10. Show that as n→∞, the eigenvalues λn of (4.75) are approximately (2n− 1)π/(2L).

11. Using the method of Section 4.3.2, find the Green’s function for the finite cylinder and
lumped soma; i.e., solve

∂V
∂T
= ∂2V

∂X2
− V + δ(X − ξ)δ(T), (4.97)

V(X , 0) = 0, (4.98)

with boundary conditions
∂V(L, T)
∂X

= 0, (4.99)

∂V(0, T)
∂T

+ V(0, T)− γ ∂V(0, T)
∂X

= 0. (4.100)

Show that as ξ → 0 the solution approaches that found in Section 4.3.2, scaled by the factor
γ /Rs.



Chapter 11
Neural Networks

As we have mentioned in the previous chapter, the neural network model (NN)
is sometimes treated as one of the three approaches to pattern recognition (along
with the approach introduced in the previous chapter and syntactic-structural pattern
recognition). In fact, as we will see in this chapter, various models of (artificial)
neural networks are analogous to standard pattern recognition methods, in the sense
of their mathematical formalization.1

Nevertheless, in spite of these analogies, neural network theory is distinguished
from standard pattern recognition because of the former original methodological
foundations (connectionism), the possibility of implementing standard algorithms
with the help of network architectures and a variety of learning techniques.

A lot of different models of neural networks have been developed till now. A
taxonomy of these models is usually troublesome for beginners in the area of neural
networks. Therefore, in this chapter we introduce notions in a hierarchical (“bottom-
up”) step-by-step way. In the first section we introduce a generic model of a neuron
and we consider the criteria used for defining a typology of artificial neurons. Basic
types of neural networks are discussed in Sect. 2. A short survey of the most popular
specific models of neural networks is presented in the last section.

1Anil K. Jain—an eminent researcher in both these areas of Artificial Intelligence pointed out
these analogies in a paper [148] published in 2000. Thus, there are the following analogies: linear
discriminant functions—one-layer perceptron, Principal Component Analysis—auto-associative
NN, non-linear discriminant functions—multilayer perceptron, etc.
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158 11 Neural Networks

11.1 Artificial Neuron

At the end of the nineteenth century Santiago Ramón y Cajal2 discovered that a brain
consists of neural cells, then called neurons. The structure of a neuron is shown in
Fig. 11.1a. A neuron consists of a cell body (called the perikaryon or soma) and cellu-
lar extensions of two types. Extensions called dendrites are thin branching structures.
They are used for the transmission of signals from other neurons to the cell body. An
extension called an axon transmits a signal from the cell body to other neurons.

Communication among neurons is done by transmitting electrical or chemical
signals with the help of synapses. Research led by John Carew-Eccles3 discovered the
mechanism of communication among neurons. Transmission properties of synapses
are controlled by chemicals called neurotransmitters and synaptic signals can be
excitatory or inhibitory.

Fig. 11.1 a The structure of
a neuron, b the scheme of an
artificial neuron

(a)

(b)

Xn

y
X0 

X1 W1

W0

Wn

v

synaptic weights

f(v)

axon

cell body

dendrites

axon
synapses

2Santiago Ramón y Cajal—an eminent histologist and neuroscientist, a professor of universities
in Valenzia, Barcelona, and Madrid. In 1906 he received the Nobel Prize (together with Camillo
Golgi) for research into neural structures.
3John Carew Eccles—a professor of neurophysiology at the University of Otago (New Zealand),
Australian National University, and the University at Buffalo. In 1963 he was awarded the Nobel
Prize for research into synaptic transmission.
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At the same time, Alan Lloyd Hodgkin4 and Andrew Fielding Huxley5 led research
into the process of initiating an action potential, which plays a key role in communi-
cation among neurons. They performed experiments on the huge axon of an Atlantic
squid. The experiments allowed them to discover the mechanism of this process.
At the moment when the total sum6 of excitatory postsynaptic potential reaches a
certain threshold, an action potential occurs in the neuron. The action potential is
then emitted by the neuron (we say that the neuron fires) and it is propagated via its
axon to other neurons. As was later shown by Bernard Katz7 the action potential is
generated according to the all or none principle, i.e., either it occurs fully or it does
not occur at all. In Fig. 11.1a a neuron as described above is marked with a solid line,
whereas axons belonging to two other neurons which send signals to it are marked
with dashed lines.

As we have mentioned already in Sect. 3.1, an (artificial) neural network, NN, is a
(simplified) model of a brain treated as a structure consisting of neurons. The model
of an artificial neuron was developed by Warren S. McCulloch and Walter Pitts in
1943 [198]. It is shown in Fig. 11.1b. We describe its structure and behavior on the
basis of the notions which have been introduced for a biological neuron above. Input
signals X0, X1, . . . , Xn correspond to neural signals sent from other neurons. We
assume (for technical reasons) that X0 = 1. These signals are represented by an
input vector X = (X0, X1, . . . , Xn).

In order to compute the total sum of affecting input signals on the neuron, we
introduce a postsynaptic potential function g. In our considerations we assume
that the function g is in the form of a sum. This means that input signals are
multiplied by synaptic weights W0,W1, . . . ,Wn , which define a weight vector
W = (W0,W1, . . . ,Wn). Synaptic weights play the role of the controller of trans-
mission properties of synapses by analogy to a biological neuron. The weights set
some inputs to be excitatory synapses and some to be inhibitory synapses. The mul-
tiplication of input signals by weights corresponds to the enhancement or weakening
of signals sent to the neuron from other neurons. After the multiplication of input
signals by weights, we sum the products, which gives a signal v:

v = g(W,X) =
n∑

i=0

Wi Xi . (11.1)

4Alan Lloyd Hodgkin—a professor of physiology and biophysics at the University of Cambridge. In
1963 he was awarded the Nobel Prize for research into nerve action potential. He was the President
of the Royal Society.
5Andrew Fielding Huxley—a professor of physiology and biophysics at the University of Cam-
bridge. In 1963 he was awarded the Nobel Prize (together with Alan Lloyd Hodgkin). He was
a grandson of the biologist Thomas H. Huxley, who was called “Darwin’s Bulldog” because he
vigorously supported the theory of evolution during a famous debate with the Bishop of Oxford
Samuel Wilberforce in 1860.
6In the sense that multiple excitatory synapses act on the neuron.
7Bernard Katz—a professor of biophysics at University College London. He was awarded the Nobel
Prize in physiology and medicine in 1970.
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(b)

(a) y = f(v)

v

1

0

initialize weight vector W and 
place training set at neuron 

input

enter next vector X of training set 
via neuron input

determine signals: v and y

modify weight vector W

place training set at 
neuron input once again

learning completed

Fig. 11.2 a The activation function of the McCulloch-Pitts neuron, b the general scheme of neuron
learning

This signal corresponds to the total sum of excitatory postsynaptic potential. Thus,
we have to check whether it has reached the proper threshold which is required for
activating the neuron. We do this with the help of the activation (transfer) function
f , which generates an output signal y for a signal v, i.e.,

y = f (v). (11.2)

McCulloch and Pitts used the Heaviside step function, usually denoted by 1(v) (cf.
Fig. 11.2a), as the activation function. It is defined in the following way:

1(v) =
{

1, if v ≥ 0,
0, if v < 0.

(11.3)



11.1 Artificial Neuron 161

As we can see the Heaviside step function gives 0 for values of a signal v which are
less than zero, otherwise it gives 1. Thus, the threshold is set to 0. In fact, we can set
any threshold with the help of the synaptic weight W0, since we have assumed that
the signal X0 = 1.

In the generic neuron model the output function out is the third function (in a
sequence of signal processing). It is used in advanced models. In the monograph
we assume that it is the identity function, i.e., out (y) = y. Therefore, we omit it in
further considerations.

The brain is an organ which can learn, so (artificial) neural networks also should
have this property. The general scheme of neuron learning is shown in Fig. 11.2b.
A neuron should learn to react in a proper way to patterns (i.e., feature vectors of
patterns) that are shown to it.8 We begin with a random initialization of the weight
vector W of the neuron. We place the training set at the neuron input. Then, we start
the main cycle of the learning process.

We enter the next vector X of the training set9 via the neuron input. The neuron
computes a value v for this vector according to a formula (11.1) and then it determines
the value y according to the given activation function.

The output signal y is the reaction of the neuron to a pattern which has been
shown. The main idea of the learning process consists of modifying the weights of
the neuron, depending on its reaction to the pattern shown. This is done according
to the chosen learning method.10 Thus, in the last step of the main cycle we modify
the weight vector W of the neuron. Then, we enter the next pattern of the training
set, etc.

After showing all feature vectors of the training set to the neuron, we can decide
whether it has learned to recognize patterns. We claim it has learned to recognize
patterns if its weights are set in such a way that it reacts to patterns in a correct way.
If not, we have to repeat the whole cycle of the learning process, i.e., we have to
place the training set at the neuron input once again and we have to begin showing
vectors once again. In Fig.11.2b this is marked with dashed arrows.

Methods of neuron learning can be divided into the following two groups:

• supervised learning,
• unsupervised learning.

In supervised learning the training set is of the form:

U = ( (X(1), u(1)), (X(2), u(2)), . . . , (X(M), u(M)) ), (11.4)

where X( j) = (X0( j), X1( j), . . . , Xn( j)), j = 1, . . . ,M , is the j th input vector
and u( j) is the signal which should be generated by the neuron after input of this
vector (according to the opinion of a teacher). We say that the neuron reacts properly

8Showing patterns means entering their feature vectors via the neuron input.
9The first one is the first vector of the training set.
10Basic learning methods are introduced later.
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to the vectors shown, if for each pattern X( j) it generates an output signal y( j)which
is equal to the signal u( j) required by the teacher (accurate within a small error).

In unsupervised learning the training set is of the form:

U = ( X(1),X(2), . . . ,X(M) ). (11.5)

In this case the neuron should modify the weights itself in such a way that it generates
the same output signal for similar patterns and it generates various output signals for
patterns which are different from one another.11

Let us consider supervised learning with the example of the perceptron introduced
by Frank Rosenblatt in 1957 [246]. The bipolar step function is used as the activation
function for the perceptron. It is defined in the following way (cf. Fig. 11.3):

f (v) =
{

1, if v > 0,
−1, if v ≤ 0.

(11.6)

where v is computed according to formula (11.1). Learning, i.e., modifying the
perceptron weights, is performed according to the following principle.
If at the j th step of learning y( j) ̸= u( j), then new weights (for the ( j + 1)th step)
are computed according to the following formula:

Wi ( j + 1) = Wi ( j)+ u( j)Xi ( j), (11.7)

where Xi ( j) is the i th coordinate of the vector shown in the j th step and u( j) is the
output signal required for this vector. Otherwise, i.e., if y( j) = u( j), the weights do
not change, i.e., Wi ( j + 1) = Wi ( j).12

Fig. 11.3 The activation
function of the perceptron

y = f(v)

v

1

-1

11The reader will easily notice analogies to pattern recognition and cluster analysis which have
been introduced in the previous chapter.
12In order to avoid confusing the indices of the training set elements we assume that after starting a
new cycle of learning we re-index these elements, i.e., they take the subsequent indices. Of course,
the first weight vector of the new cycle is computed on the basis of the last weight vector of the
previous one.
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Fig. 11.4 a The connection
of LED display segments to
the perceptron input, b the
display of the character A
and the corresponding
feature vector, c the display
of the character C and the
corresponding feature vector

(b) (c)

X3X1

X2

X7

X6

X5

X4

(X0 , 1 , 1 , 1 , 1 , 1 , 0 , 1)

X3X1

X2

X7

X6

X5

X4

(X0 , 1 , 1 , 0 , 0 , 0 , 1 , 1)

(a)

y∑ v
f(v)

v
1

-1

X0 = 1

W1

W0

W3

W2

W4

W5

W7

W6

X3X1

X2

X7

X6

X5

X4

Let us assume that we would like to use a perceptron for recognizing characters
which are shown by an LED display as depicted in Fig. 11.4a. The display consists of
seven segments. If a segment is switched on, then it sends a signal to the perceptron
according to the scheme of connections which is shown in Fig. 11.4a. Thus, we can
denote the input vector by X = (X0, X1, X2, X3, X4, X5, X6, X7).

Let us assume that we would like to teach the perceptron to recognize two char-
acters, A and C.13 These characters are represented by the following input signals:
XA = (X0, 1, 1, 1, 1, 1, 0, 1) and XC = (X0, 1, 1, 0, 0, 0, 1, 1)14 (cf. Fig. 11.4b, c).
In the case of the character A the perceptron should generate an output signal u = 1
and in the case of the characterC the perceptron should generate an output signal u =
−1. Let us assume that W(1)= (W0(1),W1(1),W2(1),W3(1),W4(1),W5(1),W6(1),
W7(1)) = (0, 0, 0, 0, 0, 0, 0, 0) is the initial weight vector.15

Let us track the subsequent steps of the learning process.

Step 1. The character A, i.e., the feature vector (1, 1, 1, 1, 1, 1, 0, 1) is shown to the
perceptron. We compute a value v on the basis of this feature vector and
the initial weight vector according to formula (11.1). Since v = 0, we get

13A single perceptron with n inputs can be used for dividing the n-dimensional feature space into
two areas corresponding to two classes.
14Let us remember that X0 = 1 according to our earlier assumption.
15In order to show the idea of perceptron learning in a few steps, we make convenient assumptions,
e.g., that the randomly selected initial weight vector is of such a form.
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an output signal y = f (v) = −1 according to formulas (11.2) and (11.6).
However, the required output signal is u = 1 for the character A. Thus,
we have to modify the weight vector according to formula (11.7). One can
easily check that W(2) = (1, 1, 1, 1, 1, 1, 0, 1) is the new (modified) weight
vector.16

Step 2. The character C, i.e., the feature vector (1, 1, 1, 0, 0, 0, 1, 1) is shown to the
perceptron. We compute a value v on the basis of this feature vector and
the weight vector W(2). Since v = 4, the output signal y = f (v) = 1.
However, the required output signal u = −1 for the character C. Thus, we
have to modify the weight vector. It can easily be checked that W(3) =
(0, 0, 0, 1, 1, 1,−1, 0) is the new (modified) weight vector.17

Step 3. The character A is shown to the perceptron once again. We compute a value
v on the basis of this feature vector and the weight vector W(3). Since v = 3,
the output signal y = f (v) = 1 which is in accordance with the required
signal u = 1. Thus, we do not modify the weight vector, i.e., W(4) = W(3).

Step 4. The characterC is shown to the perceptron once again. We compute a value v
on the basis of this feature vector and the weight vector W(4). Since v = −1,
the output signal y = f (v) = −1 which is in accordance with the required
signal u = 1. Thus, we do not modify the weight vector, i.e., W(5) = W(4).

Step 5. The learning process is complete, because the perceptron recognizes
(classifies) both characters in the correct way.

Let us notice that the weight vector obtained as a result of the learning process,
W = (W0,W1 = 0,W2 = 0,W3 = 1,W4 = 1,W5 = 1,W6 = −1,W7 = 0),

has an interesting interpretation. The neutral weights W1 = W2 = W7 = 0 mean
that features X1, X2, and X7 are the same in both patterns. The positive weights
W3 = W4 = W5 = 1 enhance features X3, X4, and X5, which occur (are switched
on) in the pattern A and not in the pattern C. On the other hand, the negative weight
W6 = −1 weakens the feature X6, which occurs (is switched on) in the pattern C
and not in the pattern A.
Although the perceptron is one of the earliest neural network models, it is still an
object of advanced research because of its interesting learning properties [25].

After introducing the basic notions concerning construction, behavior, and learn-
ing an artificial neuron, we discuss differences among various types of artificial
neurons. A typology of artificial neuron models can be defined according to the
following four criteria:

• the structured functional scheme,
• the rule used for learning,
• the kind of the activation function,
• the kind of postsynaptic potential function.

A scheme of a neuron of a certain type which presents its functional compo-
nents (e.g., an adder computing the value of the postsynaptic potential function,

16We add the vector XA to the vector W(1), because u = 1.
17We subtract the vector XC from the vector W(2), because u = −1.
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Fig. 11.5 Structured functional schemes of a a perceptron and b an Adaline neuron; c the scheme
of Hebb’s rule, d a piecewise linear activation function

a component generating the value of the activation function, etc.) and data/signal
flows among these components is called a structured functional scheme.18 Such a
scheme for a perceptron is shown in Fig. 11.5a. A structured functional scheme for
an Adaline (Adaptive Linear Neuron) introduced by Bernard Widrow19 and Marcian
E. “Ted” Hoff20 in 1960 [313] is shown in Fig. 11.5b. One can easily notice that in
the Adaline scheme the signal v is an input signal of the learning component. (In the
perceptron model the signal y is used for learning.)

18There is no standard notation for structured functional schemes. Various drawing conventions are
used in monographs concerning neural networks.
19Bernard Widrow—a professor of electrical engineering at Stanford University. He invented,
together with T. Hoff, the least mean square filter algorithm (LMS). His work concerns pattern
recognition, adaptive signal processing, and neural networks.
20In 1971 Ted Hoff, together with Stanley Mazor, Masatoshi Shima, and Federico Faggin, designed
the first microprocessor—Intel 4004.
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In the case of these two models of neurons the difference between them is not so
big and concerns only the signal flow in the learning process. However, in the case
of advanced models, e.g., dynamic neural networks [117], the differences between
the schemes can be significant.

Secondly, the neuron models differ from each other regarding the learning rule.
For example, the learning rule for the perceptron introduced above is defined by
formula (11.7), whereas the learning rule for the Adaline neuron is formulated in the
following way:

Wi ( j + 1) = Wi ( j)+ η[u( j) − v( j)]Xi ( j), (11.8)

where Xi ( j) is the i th coordinate of the vector shown at the j th step, u( j) is the
output signal required for this vector, v( j) is the signal received according to rule
(11.1), and η is the learning-rate coefficient. (It is a parameter of the method which
is determined experimentally.)

One of the most popular learning rules is based on research led by Donald O.
Hebb,21 which concerned the learning process at a synaptic level. Its results, pub-
lished in 1949 [133] allowed him to formulate a learning principle called Hebb’s
rule. This is based on the following observation [133]:

The general idea is an old one, that any two cells or systems of cells that are repeatedly active
at the same time will tend to become “associated”, so that activity in one facilitates activity
in the other.

This relationship is illustrated by Fig. 11.5c (for artificial neurons). Activity of the
neuron causes generation of an output signal y. The activity can occur at the same
time as activity of a preceding neuron (marked with a dashed line in the figure).
According to the observation of Hebb, in such a case neurons become associated,
i.e., the activity of a preceding neuron causes activity of its successor neuron. Since
the output of the preceding neuron is connected to the Xi input of its successor,
the association of the two neurons is obtained by increasing the weight Wi . This
relationship can be formulated in the form of Hebb’s rule of learning:

Wi ( j + 1) = Wi ( j)+ ηy( j)Xi ( j), (11.9)

where η is the learning-rate coefficient. Let us notice that the input signal Xi ( j) is
equated here with activity of the preceding neuron which causes the generation of
its output signal. Of course, both neurons are self-learning, i.e., without the help of
a teacher.

The kind of activation function is the third criterion for defining a taxonomy of
neurons. We have already introduced activation functions for the McCulloch-Pitts
neuron (the Heaviside step function) and the perceptron (the bipolar step function).
Both functions operate in a very radical way, i.e., by a step. If we want a less radical
operation, we define a smooth activation function. For example, the piecewise linear
activation function shown in Fig. 11.5d is of the following smooth form:

21Donald Olding Hebb—a professor of psychology and neuropsychology at McGill University. His
work concerns the influence of neuron functioning on psychological processes such as learning.
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Fig. 11.6 The sigmoidal
activation function

f (v) =

⎧
⎪⎨

⎪⎩

1, if v > 1,
v, if − 1 ≤ v ≤ 1,
−1, if v < −1.

(11.10)

In the case of a sigmoidal neuron we use the sigmoidal activation function, which
is even smoother (cf. Fig. 11.6). It is defined by the following formula (the bipolar
case):

f (v) = tanh(βv) = 1 − eβv

1 + e−βv
. (11.11)

As we can see in Fig. 11.6, the greater the value of the parameter β is, the more
rapidly the output value changes and the function is more and more similar to the
piecewise linear function. In the case of advanced neuron models we use more com-
plex functions such as e.g., radial basis functions or functions based on the Gaussian
distribution (we discuss them in Sect. 11.3).

The kind of postsynaptic potential function is the last criterion introduced in this
section. It is used for computing the total sum of the affecting input signals of the
neuron. In this section we have assumed that it is of the form of a sum, i.e., it is
defined by formula (11.1). In fact, such a form is used in many models of neurons.
However, other forms of postsynaptic potential function can be found in the literature
in the case of advanced models such as Radial Basis Function neural networks, fuzzy
neural networks, etc.

11.2 Basic Structures of Neural Networks

As we have already mentioned, we use (artificial) neurons for building structures
called (artificial) neural networks. A one-layer neural network is the simplest struc-
ture. Its scheme is shown in Fig. 11.7a. Input signals are usually sent to all neurons of
such a structure. In the case of a multi-layer neural network, neurons which belong
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Fig. 11.7 Examples of feedforward neural networks: a one-layer, b multi-layer (three-layer); c the
scheme for computing an output signal in a multi-layer network

to the r th layer send signals to neurons which belong to the (r + 1)th layer. Neurons
which belong to the same layer cannot communicate (cf. Fig. 11.7b). The first layer
is called the input layer, the last layer is called the output layer, and intermediate
layers are called hidden layers. Networks (one-layer, multi-layer) in which signals
flow in only one direction are called feedforward neural networks. Let us assume
the following notations (cf. Fig. 11.7b, c). N (r)(k) denotes the kth neuron of the r th
layer, y(r)(k) denotes its output signal. Input signals to the neuron N (r)(k) are denoted
by X (r)(k)

i , where i = 1, . . . , n, n is the number of inputs to this neuron,22 and its
weights are denoted by W (r)(k)

i . Let us notice also (cf. Fig. 11.7b, c) that the following
holds:

y(r−1)(k) = X (r)(p)
k (11.12)

22In our considerations we omit the input X (r)(k)
0 , because it equals 1 and we omit the weight W (r)(k)

0 ,
because it can be (as a constant) taken into account by modifying an activation threshold.
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for any pth neuron of the r th layer. In other words, for any neuron which belongs
to the r th layer its kth input is connected with the output of the kth neuron of the
preceding layer, i.e., of the (r − 1)th layer.23

An example of computing the output signal for a neuron of a feedforward network
is shown in Fig. 11.7c. As we can see, for a neuron N (2)(2) the output signal is
computed according to formulas (11.1) and (11.2), i.e., y(2)(2) = f (W (2)(2)

1 X (2)(2)
1 +

W (2)(2)
2 X (2)(2)

2 +W (2)(2)
3 X (2)(2)

3 ). In the general case, we use the following formula for
computing the output signal for a neuron N (r)(k) taking into account the relationship
(11.12):

y(r)(k) = f (
∑

i

W (r)(k)
i X (r)(k)

i ) = f (
∑

i

W (r)(k)
i y(r−1)(i)). (11.13)

The backpropagation method was published by David E. Rumelhart, Geoffrey E.
Hinton and co-workers in 1986 [252]. It is the basic learning technique of feedfor-
ward networks. At the first step output signals for neurons of the output layer L are
computed by subsequent applications of formula (11.3) for neurons which belong
to successive layers of the network. At the second step we compute errors δ(L)(k) for
every kth neuron of the Lth (output) layer according to the following formula (cf.
Fig. 11.8a):

δ(L)(k) = (u(k) − y(L)(k))
d f (v(L)(k))
dv(L)(k)

, (11.14)

where u(k) is the correct (required) output signal for the kth neuron of the Lth layer
and f is the activation function.

Then, errors of neurons of the given layer are propagated backwards to neurons
of a preceding layer according to the following formula (cf. Fig. 11.8b):

δ(r)(k) =
∑

m

(δ(r+1)(m)W (r+1)(m)
k )

d f (v(r)(k))
dv(r)(k)

, (11.15)

where m goes through the set of neurons of the (r + 1)th layer. In the last step we
compute new weights W

′(r)(k)
i for each neuron N (r)(k) on the basis of the computed

errors in the following way (cf. Fig. 11.8c):

W
′(r)(k)
i = W (r)(k)

i + ηδ(r)(i)X (r)(k)
i = W (r)(k)

i + ηδ(r)(i)y(r−1)(i), (11.16)

where η is the learning-rate coefficient. A mathematical model of learning with the
help of the backpropagation method and the derivation of formulas (11.14)–(11.16)
are contained in Appendix H.

Fundamental problems of neural network learning include determining a stopping
condition for a learning process, how to compute the error of learning, determining

23Thus, we could omit an index of the neuron in the case of input signals, retaining only the index
of the layer, i.e., we could write X (r)

i instead of X (r)(k)
i .
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Fig. 11.8 Backpropagation
learning: a computing the
error for a neuron of the
output layer, b error
propagation, c computing a
weight (b)
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initial weights, and speeding up the learning process. We do not discuss these issues
in the monograph, because of its introductory nature. The reader is referred to mono-
graphs included in the bibliographical note at the end of this chapter.

A neural network can be designed in such a way that it contains connections
from some layers to preceding layers. In such a case input signals can be propagated
from later processing phases to earlier phases. Such networks are called recurrent
neural networks, from Latin recurrere–running back. They have great computing
power that is equal to the computing power of a Turing machine [156]. The first
recurrent neural network was introduced by John Hopfield in 1982 [140]. Neurons
of a Hopfield network are connected as shown in Fig. 11.9 (for the case of three
neurons).24 Input signals are directed multiply to the input of the network and signals

24We usually assume, following the first paper of Hopfield [140], that neuron connections are
symmetrical, i.e., W (1)(k)

i = W (1)(i)
k . However, in generalized models of Hopfield networks this

property is not assumed.
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Fig. 11.9 A recurrent
Hopfield network
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recur for some time until the system stabilizes. Hopfield networks are also used as
associative memory networks, which are introduced in the next section.

In general, recurrent networks can be multi-layer networks. In 1986 Michael I.
Jordan25 proposed a model, then called the Jordan network [151]. In this network,
apart from an input layer, a hidden layer and an output layer, an additional state layer
occurs. Inputs of neurons of the state layer are connected to outputs of neurons of
the output layer and outputs of neurons of the state layer are connected to inputs of
neurons of the hidden layer. Jordan networks are used for modeling human motor
control.

A similar functional structure occurs in the Elman network defined in the 1990s
by Jeffrey L. Elman26 [84]. The main difference of this model with respect to the
Jordan network consists of connecting inputs of neurons of an additional layer, called
here the context layer, with outputs of neurons of the hidden layer (not the output
layer). However, outputs of neurons of the context layer are connected to inputs of
neurons of the hidden layer, as in the Jordan model. Elman networks are used in
Natural Language Processing (NLP), psychology, and physics.

11.3 Concise Survey of Neural Network Models

This section includes a concise survey of the most popular models of neural networks.
Autoassociative memory networks are used for storing pattern vectors in order

to recognize similar patterns with the help of an association process. They can be

25Michael Irwin Jordan—a professor of computer science and statistics at the University of Califor-
nia, Berkeley and the Massachusetts Institute of Technology. His achievements concern self-learning
systems, Bayesian networks, and statistical models in AI.
26Jeffrey Locke Elman—an eminent psycholinguist, a professor of cognitive science at the Univer-
sity of California, San Diego.
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used for modeling associative storage27 in computer science. Processing incomplete
information is their second important application field. In this case the network sim-
ulates one of the fundamental functionalities of the brain, that is the ability to restore
a complete information on the basis of incomplete or distorted patterns with the
help of an association process.28 The original research into autoassociative memory
networks was led in the early 1970s by Teuveo Kohonen [164]. The most popular
neural networks of this type include the following models29:

• A two-layer, feedforward, with supervised learning Hinton network, which was
introduced by Geoffrey Hinton in 1981 [136].

• A bidirectional associative memory, BAM, network proposed by Stephen Gross-
berg and Michael A. Cohen30 [54].31 The BAM model can be considered to be
a generalization of a (one-layer) Hopfield network for a two-layer recurrent net-
work. Signal flows occur in one direction and then the other in alternate cycles
(bidirectionally) until the system stabilizes.

• Hamming networks were introduced by Richard P. Lippmann32 in 1987 [183].
They can also be considered to be a generalization of Hopfield networks with a
three-layer recurrent structure. Input and output layers are feedforward and the
hidden layer is recurrent. Their processing is based on minimizing the Hamming
distance33 between an input vector and model vectors stored in the network.34

Self-Organizing Maps, SOMs, were introduced by Teuvo Kohonen [165] in 1982.
They are used for cluster analysis, discussed in Sect. 10.7. Kohonen networks gen-
erate a discrete representation called a map of low dimensionality (maps are usually
two- or three-dimensional) on the basis of elements of a learning set.35 The map shows
clusters of vectors belonging to the learning set. In the case of Self-Organizing Maps
we use a specific type of unsupervised learning, which is called competitive learning.

27Associative storage allows a processor to perform high-speed data search.
28For example, if somebody mumbles, we can guess correct words. If we see a building that is
partially obscured by a tree, we can restore a view of the whole building.
29Apart from the Hopfield networks introduced in the previous section.
30Michael A. Cohen—a professor of computer science at Boston University, Ph.D. in psychology.
His work concerns Natural Language Processing, neural networks, and dynamical systems.
31The BAM model was developed significantly by Bart Kosko [170], who has been mentioned in
Chap. 1.
32Richard P. Lippmann—an eminent researcher at the Massachusetts Institute of Technology. His
work concerns speech recognition, signal processing, neural networks, and statistical pattern recog-
nition.
33The Hamming metric is introduced in Appendix G.
34Lippmann called the model the Hamming network in honor of Richard Wesley Hamming, an
eminent mathematician whose works influenced the development of computer science. Professor
Hamming programmed the earliest computers in the Manhattan Project (the production of the first
atomic bomb) in 1945. Then, he collaborated with Claude E. Shannon at the Bell Telephone Labo-
ratories. Professor Hamming has been a founder and a president of the Association for Computing
Machinery.
35This set can be defined formally by (11.15).
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Output neurons compete in order to be activated during the process of showing pat-
terns. Only the best neuron, called the winner, is activated. The winner is the neuron
for which the distance between its weight vector and the shown vector is minimal.
Then, in the case of competitive learning based on a WTA (Winner Takes All) strategy
only the weights of the winner are modified. In the case of a WTM (Winner Takes
Most) strategy weights are modified not only for the winner, but also for its neighbors
(“the winner takes most [of a prize], but not all”).

ART (Adaptive Resonance Theory) neural networks are used for solving problems
of pattern recognition. They were introduced by Stephen Grossberg and Gail Car-
penter [42] for solving one of the most crucial problems of neural network learning,
namely to increase the number of elements of a learning set. In case we increase
the number of elements of the learning set,36 the learning process has to start from
the very beginning, i.e., including patterns which have already been shown to the
network. Otherwise, the network could forget about them. Learning, which corre-
sponds to cluster analysis introduced in Sect. 10.7, is performed in ART networks
in the following way. If a new pattern is similar to patterns belonging to a certain
class, then it is added to this class. However, if it is not similar to any class, then it
is not added to the nearest class, but a new class is created for this pattern. Such a
strategy allows the network to preserve characteristics of the classes defined so far.
For the learning process a vigilance parameter is defined, which allows us to control
the creation of new classes. With the help of this parameter, we can divide a learning
set into a variety of classes which do not differ from each other significantly or we
can divide it into a few generalized classes.

Probabilistic neural networks defined by Donald F. Specht in 1990 [283] recog-
nize patterns on the basis of probability density functions of classes in an analogous
way to statistical pattern recognition introduced in Sect. 10.5.

Boltzmann machines37 can be viewed as a precursor of probabilistic neural net-
works. They were defined by Geoffrey E. Hinton and Terrence J. Sejnowski38 in
1986 [137].

Radial Basis Function, RBF, neural networks are a very interesting model. In this
model activation functions in the form of radial basis functions39 are defined for each
neuron separately, instead of using one global activation function. If we use a standard
neural network with one activation function (the step function, the sigmoidal function,
etc.), then we divide the feature space into subspaces (corresponding to classes) in
a global way with the help of all the neurons which take part in the process. This is
consistent with the idea of a distributed connectionist network model introduced in

36Of course, this is recommended, since the network becomes “more experienced”.
37Named after a way of defining a probability according to the Boltzmann distribution, similarly to
the simulated annealing method introduced in Chap. 4.
38Terrence “Terry” Joseph Sejnowski—a professor of biology and computer science and director of
the Institute of Neural Computation at the University of California, San Diego (earlier at California
Institute of Technology and John Hopkins University). John Hopfield was an adviser of his Ph.D.
in physics. His work concerns computational neuroscience.
39The value of a radial basis function depends only on the distance from a certain point called the
center. For example, the Gaussian function can be used as a radial basis function.
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Sect. 3.1. Meanwhile, the behavior of the basis function changes around the center
radially. It allows a neuron to “isolate” (determine) a subarea of the feature space in
a local way. Therefore, RBF networks are sometimes called local networks, which
is a reference to the local connectionist network model introduced in Sect. 3.1.

Bibliographical Note

There are a lot of monographs on neural networks. Books [27, 50, 87, 129, 257, 324]
are good introductions to this area of Artificial Intelligence.




