
BENG221 Mathematical Methods
for Bioengineering

Fall Quarter 2019
Department of Bioengineering
University of California San Diego

Background Material, Part I

Source of slides: 
EP Widmaier, H Raff, and KT Strang (2016) Vander’s Human Physiology, 4th edition. McGraw Hill.



Exchange and communication are key concepts
for understanding physiological homeostasis.
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Figure 1-2



Blood glucose levels 
increase after eating.  
Levels return to their set 
point via homeostasis.

This is an example of 
dynamic constancy.  Levels 
change over short periods 
of time, but remain 
relatively constant over 
long periods of time.

Figure 1-3



Interpret the arrows      in
textbook’s flow charts as
“leads to” or “causes.”

(e.g., decreased room 
temperature causes 
increased heat loss from 
the body, which leads to a 
decrease in body 
temperature, etc.)

Figure 1-4



“Active product” controls the sequence of chemical reactions 
by inhibiting the sequence’s rate-limiting enzyme, “Enzyme 
A.”

Figure 1-5



example: concentration of glucose in the blood

example: 70 to 110 mg glucose/dL of blood

example: diet and energy metabolism

A strategy for exploring homeostasis 
(see Tables 1-2 & 1-3)

• Identify the internal environmental variable.

• Establish the “set point” value for that variable.

• Identify the inputs and outputs affecting the variable.



example: resting versus exercising

example: certain endocrine cells in the pancreas
“sense” changes in glucose levels 

example: a hormone that increases glucose
synthesis by the liver

Many homeostatic mechanisms utilize neural 
communication.

• Examine the balance between the inputs and outputs.

• Determine how the body monitors/senses the variable.

• Identify effectors that restore the variable to its set point.

A strategy for exploring homeostasis 
(see Tables 1-2 & 1-3)







Afferent and efferent pathways in temperature homeostasis.

Figure 1-6



Communication systems use signals that bind to receptors. 

Figure 1-7



Endocrine: signal reaches often-distant targets after 
transport in blood.

Paracrine: signal reaches neighboring cells via the ISF.

Autocrine: signal affects the cell that synthesized the 
signal.

Communication signals in three categories:



Multi-factorial control of 
signal release adds 
more complexity.

A given signal can 
fit into all 3 categories:

(e.g., the steroid
hormone cortisol
affects the very cells in 
which it is made, 
the nearby cells that
produce other 
hormones, 
and many distant 
targets, 
including muscles and 
liver.)

Figure 1-8



A full analysis of the 
hormone cortisol requires  
not only knowledge of the
signals that cause its
synthesis and secretion
but also consideration 
of biological rhythms.

asleep asleep

Figure 1-9



Some of the potential inputs and outputs that can 
affect the “pool” of a material (like glucose) that is a 
dynamically regulated physiological variable.

Figure 1-10



Sodium homeostasis: Consuming greater amounts of dietary 
sodium initiates a set of dynamic responses that include greater 
excretion of sodium in the urine. Though not shown here, the 
amount excreted would likely exceed the amount ingested until 
the “set point” is restored.

Figure 1-11









In a methane molecule, each of 4 hydrogen atoms is 
covalently bonded (sharing electrons with) to a carbon atom.

Figure 2-1



There are several ways to express the structure of molecules.
Structure helps us understand function. 

Two dimensions:

Three dimensions:

Space-filling models:

Figure 2-2



Rotations of 
bonds can 
result in major 
rearrangements 
of a molecule’s
three-dimensional 
shape, and, 
therefore, its
molecular function.

becoming a ring

linear chain

Figure 2-3



Table 2-3: 
Most frequently encountered

ionic forms of elements.

An ion results when a molecule 
gains or loses one or more electrons.
Ions are mismatched in the number 
of protons and electrons, and are 
therefore electrically charged.

What is an ion?

The origin of an ion’s proton-electron mismatch is indicated 
by the sign (plus or minus) and number of signs:
Cl- represents a chlorine atom that has gained an electron.
Ca++ represents a calcium atom that has lost two 

electrons.





Table 2-4: 
Examples of non-polar and polar 

bonds, and ionized chemical groups. 

“Like dissolves like” applies here:
polar compounds, including water molecules, readily 

associate with each other, whereas 
non-polar compounds readily associate with each 

other, including such compounds in cell membranes.

Hydrophilic, or “water-loving,” compounds, e.g., NaCl, 
dissolve readily in water.

Hydrophobic, or “water-fearing,” compounds, e.g., fats, do 
not dissolve readily in water, but will dissolve readily 
into non-polar solvents, even cell membranes.





In each water molecule, 
the shared electrons
spend more time 
close to the larger oxygen 
atom, making that area 
slightly electronegative 
compared to the area 
near the hydrogen atoms. 

The dotted lines between 
water molecules represent 
the “hydrogen bonds,”
resulting from the weak 
electrical attractions.

Figure 2-4



Solvent + Solute(s) = A Chemical Solution

To describe the number of dissolved solutes in 
a solution, we refer to the “chemical concentration”
of the solute, which is the amount of solute present 
in a given volume of solvent.

The molecular weight (MW) of a solute reveals
the number of grams of that solute you would 
need to add to one liter (L) of solvent to produce 
a 1-molar solution, e.g.:

C6H12O6 (glucose) has a MW of 180, so 
to make a 1M glucose solution, 
add 180 g of glucose to 1 L of water.



Positive sodium ions (Na+) 
are attracted to negative
chloride ions (Cl-) to form 
ionic bonds.

Water, because of its regions of 
polarity, is a solvent that readily 
dissolves Na+Cl- .

Figure 2-5



In a collection of 
amphipathic molecules, 
e.g., phospholipids, 
similar regions
will spontaneously 
arrange themselves 
with other similar regions. 

Here, the non-polar regions
associate with each other 
and the polar regions form 
hydrogen bonds with the 
surrounding (polar) water 
molecules.

Figure 2-6



Self assembling peptide amphiphile gels result in nanofibers

Silva et. al. (2004) Science 303:1352



Covalent bonds (share electrons)
e.g., methane, CH4 (Figure 2-1)

Ionic bonds (opposite charges attract)
e.g., sodium chloride, Na+Cl- (Figure 2-5)

Hydrogen bonds (attraction of H to O or N)
e.g., between H2O molecules (Figure 2-4)

van der Waals forces (“like dissolves like”)
e.g., between lipid molecules (Figure 2-6)

STRONG

WEAK

Strength and type of chemical bonds and interactions:



The pH value indicates the acidity of a solution.

The concentration of free hydrogen ions in a solution is
the primary determinant of that solution’s acidity:

pH= -log[H+] 
remember that the representation “[x]”
is a quick way to state “the chemical 
concentration of solute x”

When the number in [H+] is high, the value of pH is low,
owing to the way the math works.  

Thus,
an acidic solution has a pH < 7.
pH 7 is considered neutral, 
and pH > 7 is considered alkaline (basic).





Side chains can be: 

§ non-polar groups

or

§ polar groups

or

§ ionized groups

All amino acids have:
• an amino group,
• a carboxyl group, and a
• varying side chain [R]

Figure 2-13



Peptide bonds are covalent bonds that connect 
neighboring amino-acids together to form a polypeptide.
[Intermediate stages are not shown].

Figure 2-14



This “necklace cartoon”
indicates the linear 
sequence of neighboring 
amino-acid components 
in a protein and also shows 
that the side-chains can 
interact (see also Figure 2-17).

Each colored bead 
represents one of the 
component amino acids.

Figure 2-15



A space-filling cartoon 
of the protein myoglobin’s
3-D shape or conformation.
Each dot represents the
location of a single amino
acid.

Figure 2-16



Chemical interactions between non-adjacent amino acids 
in a protein range from strong (covalent bonds, 4) to 
weak (van der Waals, 3), but all of these interactions play
essential roles in determining protein conformation.

Figure 2-17



Many proteins include regions where helical structure is 
apparent: these result from hydrogen bonding between 
regularly spaced peptide bonds.

Figure 2-18



Many proteins also include regions where structures called 
beta sheets are apparent:  these result from H-bonding
between certain non-adjacent amino acids.

Figure 2-19



Table 2-6:
Bonding forces between atoms

and molecules. 

Covalent bonds (share electrons)
e.g., methane, CH4 (Figure 2-1)

Ionic bonds (opposite charges attract)
e.g., sodium chloride, Na+Cl- (Figure 2-5)

Hydrogen bonds (attraction of H to O or N)
e.g., between H2O molecules (Figure 2-4)

van der Waals forces (“like dissolves like”)
e.g., between lipid molecules (Figure 2-6)

Strength and type of chemical bonds and interactions:
STRONG

WEAK





Some proteins include regions with covalent bonds 
between sulfhydryl groups of non-adjacent cysteines.

Figure 2-20



Figure 2-21

A three-dimensional, space-filling cartoon (partial) depiction 
of hemoglobin, a protein that plays a key role in gas transport.



• Structure determines function.

• That which alters structure alters function.
• Cells:

membranes─internal and external partitions
nucleus─genomic DNA
ribosomes─protein synthesis
endoplasmic reticulum─synthesis and calcium dynamics
Golgi apparatus─secreted proteins
mitochondria─ATP synthesis 
miscellaneous organelles

Chapter 3
Cell structure and protein function



• Central dogma: genes to proteins
transcription (DNA to RNA) ®
splicing (RNA to mRNA) ®

translation (mRNA code determines 
amino acid sequence in protein synthesis)

• ATP/chemical energy: substrate/oxidative 
phosphorylation

• Enzymes and metabolic pathways

Chapter 3
Cell structure and protein function (cont.)



Sizes, on a log scale.

Figure 3-2



Electron Micrograph of organelles in a hepatocyte (liver cell).

Figure 3-3



Organelles have their own membranes.

Figure 3-4





Electron micrograph and sketch of plasma membrane
surrounding a human red blood cell.

Figure 3-6
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Schematic cartoon of a transmembrane protein.
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Figure 3-8



Drawing of the fluid-mosaic model of membranes, showing 
the phospholipid bilayer and imbedded proteins.

Figure 3-9



Desmosomes provide strong attachments. 

Figure 3-10a



Tight junctions prevent leaks. 

Figure 3-10b



Gap junctions communicate and coordinate. 

Figure 3-10d



{genomic DNA}

{site of ribosome assembly}

Figure 3-11



Figure 3-12



Figure 3-13



Figure 3-14



Protein filaments function in movement and support. 

Figure 3-15



NUCLEUS

The DNA code is 
“transcribed” into 
mRNA.

RIBOSOMES

The mRNA is 
“translated” to 
give instructions 
for proteins 
synthesis.

Figure 3-16



GENES “CODE FOR” PROTEINS

The “triplet code” of DNA determines
which amino acid will be placed in 

each position of the protein.

(note: mRNA intermediate not shown)

Figure 3-17



Transcription of a gene from the DNA template
to RNA transcript.  [RNA triplets are called 
“codons.”]

Figure 3-18



Introns stay “in” the nucleus;
exons “exit” the nucleus.Figure 3-19



Codon sequence 
on mRNA pairs 
with anticodon of
tRNA to determine
which amino acid
gets put into 
the new protein.

Figure 3-20



Arrow indicates movement of 
the ribosome along the mRNA.Figure 3-21



An mRNA molecule may have
several ribosomes on it.

Figure 3-22



Large proteins can be cut 
into smaller proteins.

Figure 3-23





Transcription is precisely regulated.

Figure 3-24





Figure 3-25

… from      
mRNA 

to 
secreted 
protein …



Shape and 
charge 

work together
in matching 
up ligands 
with their 
receptors.

Figure 3-26



The shape and 
charge distribution 
of a binding protein

determine which 
ligands it will bind.

Figure 3-27

The amino-acid 
sequence 

of a protein 
determines 

both shape and the 
distribution of 

charge.

ligand

binding protein



Protein X
binds a 
wider 

diversity 
of ligands
than does
Protein Y.

Protein Y
has

greater
ligand-

specificity 
than 

Protein X.

Figure 3-28



Protein 1 has the best ligand fit in terms of both shape 
and charge, so, of these three proteins, it has the 
greatest affinity for this ligand.

Figure 3-29



Figure 3-30

Saturation occurs when ligands become so abundant that 
every binding site is occupied.



When two proteins can bind the same ligand,
saturation occurs more readily for the protein that 
has a higher affinity (Protein Y, here) for the ligand.

Figure 3-31



Figure 3-32

An allosteric
modulator
forms a non-
covalent bond
with the
protein.

A covalent modulator forms a
covalent bond with the protein.









For the reversible reaction: 

A + B         C + D
the law of mass action applies,
meaning that an increase in the

amount of reactants will increase 
the rate of product formation, i.e.,

A + B C + D
Alternatively, an increase in the

the amount of products will decrease 
the rate of product formation. i.e., 

A + B         C + D



Enzymes accelerate the reactions they catalyze by
using binding sites to bring substrates together.

Figure 3-33





Saturation of enzymes occurs when 
substrates become so abundant that 
all enzymes are participating fully.

Figure 3-34



Increasing the availability of enzymes
results in an increased rate of reaction.

Figure 3-35



An allosteric or covalent modulator that 
increases an enzyme’s affinity for its substrates 
will increase the rate of product formation.

Figure 3-36



Any given enzyme can have a diversity of
allosteric and/or covalent modulation sites.

Figure 3-37



The amount of enzyme and its allosteric and/or 
covalent inhibitors/activators determine the rate of 
product formation.

Figure 3-38



E, the “end-product,” acts as an inhibitory modulator 
of enzyme e2,  the rate-limiting enzyme in this sequence.

Figure 3-39



Breaking down

fuels

provides 
chemical energy 

to rebuild 
ATP supplies.

Figure 3-40



Diffusion: solute moves down its concentration gradient:

• simple diffusion:

small (e.g., oxygen, carbon dioxide)
lipid soluble (e.g., steroids)

• facilitated diffusion:

requires transporter (e.g., glucose)

Chapter 4
Movement of Molecules Across Cell 

Membranes = Trans-Membrane Traffic



Active transport: solute moves against its concentration 
gradient:

• primary active transport: 
ATP directly consumed (e.g., Na+ K+ATPase) 

• secondary active transport:

energy of ion gradient (usually Na+) used to move
second solute (e.g., nutrient absorption in gut)

Exo- and endo- cytosis:
large scale movements of molecules

Chapter 4
Movement of Molecules Across Cell 

Membranes = Trans-Membrane Traffic (cont.)



Over time, 
solute molecules
placed in a solvent
will evenly distribute 
themselves.

START: Initially higher 
concentration of molecules randomly

move toward lower concentration.

Diffusional 
equilibrium 
is the result 
(Part b).

Figure 4-1



At time B, some glucose has crossed into 
side 2 as some cross into side 1.Figure 4-2



Note: the partition between the two 
compartments is a membrane that 
allows this solute to move through it.

Figure 4-3
Net flux accounts for solute 

movements in both directions.



Figure 4-5

3 cartoon models of 
integral membrane
proteins that function
as ion channels; the
regulated opening 
and closing of 
these channels is 
the basis of how
neurons function.



Figure 4-6

A thin shell of positive (outside) and negative (inside) 
charge provides the electrical gradient that drives
ion movement across the membranes of excitable cells.



The opening and closing of ion channels results 
from conformational changes in integral proteins.
Discovering the factors that cause these 
changes is key to understanding excitable cells.

Figure 4-7



The solute acts as a 
ligand that binds to 
the transporter 
protein….

Figure 4-8

A cartoon model of carrier-mediated transport.

… and then a subsequent 
shape change in the 
protein releases the 
solute on the other side 
of the membrane.



In simple diffusion,
flux rate is limited 
only by the 
concentration 
gradient.

In carrier-
mediated 
transport, 
the number 
of available 
carriers
places an 
upper limit 
on the 
flux rate.

Figure 4-9



In both simple and 
facilitated diffusion, 
solutes move in the 
direction predicted 
by the concentration 
gradient.

In active transport, solutes move opposite to the
direction predicted by the concentration gradient.
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Models showing how active transport might operate.

The transported solute binds to the protein
as it is phosphorylated (ATP expense).

Figure 4-11



Figure 4-12

Here, in the operation of the Na+-K+-ATPase, also known 
as the “sodium pump,” each ATP hydrolysis moves three 
sodium ions out of, and two potassium ions into, the cell.



Secondary active transport uses the energy in 
an ion gradient to move a second solute.

Figure 4-13



Cotransport: 
the ion and the 
second solute
cross the membrane
in the same direction.

Countertransport:
the ion and the 
second solute 
move in 
opposite directions.

Figure 4-14



Figure 4-15

Diverse examples of carrier-mediated transport.





Here, water is the solvent. The addition of solute 
lowers the water concentration. Addition of more 
solute would increase the solute concentration 
and further reduce the water concentration. 

Solvent + Solute = Solution
Figure 4-16



Begin:  
The partition between
the compartments
is permeable to water 
and to the solute.

After diffusional 
equilibrium has occurred:
Movement of water and 
solutes has equalized solute 
and water concentrations on 
both sides of the partition.

Figure 4-17



Begin:  
The partition between
the compartments
is permeable to water only.

After diffusional 
equilibrium has occurred:  
Movement of water only
has equalized solute 
concentration.

Figure 4-18



Begin:
K+ in Compartment 2, 
Na+ in Compartment 1;
BUT only K+ can move. 

buildup of positive charge 
in Compartment 1 produces an electrical potential that 
exactly offsets the K+ chemical concentration gradient.

At the potassium 
equilibrium 
potential:

Ion movement:
K+ crosses into  
Compartment 1; 
Na+ stays in 
Compartment 1.



Begin:
K+ in Compartment 2, 
Na+ in Compartment 1;
BUT only Na+ can move. 

Ion movement:
Na+ crosses into  
Compartment 2; 
but K+ stays in 
Compartment 2.

buildup of positive charge in Compartment 2 
produces an electrical potential that exactly 
offsets the Na+ chemical concentration gradient.

At the sodium 
equilibrium potential:



Figure
4-19



Figure 4-20



Figure 4-21



Alternative functions 
of endocytosis:

1. Transcellular 
transport

2. Endosomal 
processing

3. Recycling the 
membrane

4. Destroying 
engulfed materials



Figure 4-22



Figure 4-23



Figure 4-24


