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2.5.2 The Central For(e Problem 
It is traditional to introduce the reduced mass for the two-body system: 

ffilffi2 
m=----

ml +m2 

Then the second equation we found above can be written as 

11 Gm1m2 mr =- 3 r. 
r 

This is a special case of the general central force problem. It is simply 
interpreted as the equation of motion for a body attracted toward the origin 
(which is where the first body is) by a force that varies inversely as the 
square of the distance. The general central force problem has the same 
form, but allows for the force to depend on the separation r in a different 
manner: 

mr" =- f(r) r. 
r 

Here f : (0, oo) ---+ ffi. is a function that gives the dependence of the force on 
the distance r. For the inverse square law, f(r) = Gm1m2r-2. 

There is a further conservation law that comes immediately from the 
above DE. To get it, note that 

r x mr" = - r x f ( r) r = 0. 
r 

Then recall that there is a product rule for derivatives of cross products (see 
Appendix C), which when applied here gives 

:t (r x mr') = r' x mr' + r x mr" = r x mr" = 0. 

Since this hold for all t E I, there is a constant vector L, such that the 
following law holds. 

Conservation of Angular Momentum: 

r(t) x mr'(t) = L, (2.25) 

for all t E I. The conservation law says that this (vector) quantity does not 
change during the motion. 

The angular momentum conservation law has the important geometric 
consequence that the motion of the body lies in one plane, namely the plane 
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Figure 2.16: In a central force problem the motion is in the plane through 
the origin with the angular momentum vector L as normal. 

through the origin with normal vector L (see Figure 2.16). We will take 
advantage of this fact and assume, without loss of generality, that the motion 
is actually in the x-y plane. If not, we could make a linear transformation 
of the system into one whose motion is in the x-y plane. If we were tracking 
satellites, the details of this transformation would be important, but we do 
not need this extra information here. 

Thus, we assume the DE for equation of motion has the following form 

, kf(r) 
r =---r, 

r 

where r = (x,y), r = (x2 + y 2) 112 , and k = m-1. 

Writing out the above DE in terms of components, we get two 2nd-order 
DEs: 

, kf(r) 
x =---x 

r 
, kf(r) 

y =- -- y, 
r 

(2.26) 

(2.27) 

and the form of this suggests transforming to polar coordinates x = r cos e, y = 
r sine, with r = r(t), e = O(t) as the new unknown functions. Doing this 
just as we did for the example with the limit cycle (except now we need the 
second derivatives), we obtain first 

x' r' cos e - re' sine 

y' r' sine + re' cos e. 

Then differentiating these, we get 

x" = r" cos e - 2r1 e' sine - re" sine - r( 0')2 cos e 
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y" = r" sin 0 + 2r' O' cos 0 + rO" cos 0 - r( 0') 2 sin B. 

Substituting these in the x-y equations above and collecting terms, gives the 
system in polar coordinates: 

( ( r" - r( 0') 2 ) cos 0 - (2r' O' + rB") sin 0 
( r" - r( 0')2 ) sin 0 + (2r' 0' + rO") cos 0 

-kf(r) cosO 

-kf(r) sinO. 

Now we multiply the top equation by cos 0, the bottom equation by sin 0, 
and add to get the first equation below. In a similar manner we obtain the 
second equation below. These two equations are the following: 

Central Force Equations in Polar Coordinates: 

r"- r(t9') 2 

2r'O' + rO" 
-kf(r) 
0. 

(2.28) 

(2.29) 

The second of these equations leads directly to Kepler's 2nd law. To see 
this, multiply both sides of it by r to get 

or, equivalently 

:t (r2e') = o. 
Thus, we get that, if r = r(t), 0 = O(t) is a solution of the system (2.28)-
(2.29), then there exists a constant such that the following law holds. 

Kepler's Second Law: 
(2.30) 

for all t E I. Kepler worked prior to the invention of calculus, so he did not 
state his law like this, but rather phrased it as: equal areas are swept out in 
equal times as a planet orbits the sun. To see why equation (2.30) says the 
same thing, multiply both sides by 1/2 and then integrate both sides from 
t1 to t2 (two arbitrary times) to get 

The integral on the left side is precisely the area swept out by the curve in 
polar coordinates between the two times t1 < t2. The equation says the area 
depends only on the duration of time t2- t1. (See Figure 2.17.) Of course, 
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I 0.25 

I = -0.25 

Figure 2.17: Illustration of Kepler's 2nd law: equal areas are swept out in 
equal times in any central force problem. 

the above derivation gives a much more general result than Kepler's. It says 
that Kepler's law on equal areas holds in all central force problems. 

It is also important to note that the constant c is related to the mag-
nitude of the angular momentum. In the coordinates we have chosen r = 
(rcosO,rsinO,O) and so it is easy to see that 

L = r x mr' 

(0, 0, mr20') = (0, 0, me) = (0, 0, k- 1c). 

The next step in the explicit solution of the central force system is to 
transform it once again, this time with a nonlinear transformation. The 
transformation arises from the assumption that r and 0 are functionally 
related. More specifically, assume there is a real-valued function p, of a real 
variable, such that for each solution r = r(t), 0 = O(t), with t E I, we have: 

-1 1 
r(t) = p(O(t)) = p(O(t)), (2.31) 

for all t E I. For simplicity in the calculations below, we will suppress the 
explicit dependence of the functions on t in equation (2.31) and the resulting 
equations. Thus, we write the functional relation that p establishes as 

r = p(e)- 1 . (2.32) 

The strategy is now to use the system (2.28)-(2.29) to deduce something 
about p. However, first note that knowing p will enable us to find solutions 
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r, e of the system. To see this, observe that Kepler's law r20' = c can be 
written as 

(2.33) 

So if we know p then this becomes a separable DE for e and has its solution 
given implicitly by J p(e)-2de = ct +b. 

Theoretically we can solve this explicity for e as a function of t and then 
from equation (2.31), we can get r explicitly as a function oft as well. Thus, 
all we need to do is to determine p. 

To do this, start with equation (2.32) and differentiate both sides with 
respect to t. This will give 

where we have used the relation (2.33). Differentiating the above equation 
once again and using relation (2.33) again gives 

For brevity, write this last equation as r" = -c2 p2 p" and write relation 
(2.33) as 0' = cp2 (thus we are suppressing the explicit dependence on e as 
well as t). Substituting these into equation (2.28), i.e., into the equation 

r"- r(0')2 = -kf(r), 

gives, after minor simplification, 

(2.34) 

Here we have, in the simplication process, let a = k / c2 • This assumes that 
c =I- 0. The case when c = 0 is important because the motion then is along 
a straight line through the center of force. The study of this case is left to 
the exercises. 

Equation (2.34) is viewed as a 2nd-order DE for pas a function of e. This 
DE is simplest for an inverse square law f(z) = 1/ z2 , since then f(p- 1) = p2 

and the DE reduces to 
p" + p =a. 

This elementary, 2nd-order, linear DE has general solution 

p =a+ A cosO+ BsinO, 
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where A, B are constants determined by the initial condit ions. Since r = 

1/ p, we get the following functional relation between r and (): 

1 
r=--------

a + A cos () + B sin () ' 
(2.35) 

Thus, the arguments have led us to the conclusion that any solution r = 
r(t), () = ()(t) of the polar system for the central force problem with an 
inverse square law will satisfy 

1 
r(t) =a+ Acos(()(t)) + Bsin(()(t))' (2.36) 

The constants a, A , B can be determined from the initial conditions and 
it can be shown that equation (2.35) is an equation for a conic section in 
polar coordinates with pole located at a focus of the conic section (see the 
exercises). Thus, the body moves on an elliptical, parabolic, or hyperbolic 
trajectory about the center of force. The exception to this is when the 
trajectory is a straight line through the origin. This is the case c = 0 which 
we mentioned above. 

Figure 2.18 shows three trajectories for an inverse square law of attrac-
tion with k = 1, initial positions (xo, Yo) = (1, 0), (1, 0) , (1 , 0), and initial 
velocities = ( -0.5, 0.5), ( -1, 1), ( -1, 1.25), respectively. The initial 

hmz•· at time t = 0 

- I 

Figure 2.18: Plots of three trajectories (x(t), y(t)) for a body attracted to-
ward the origin with a inverse square law force. The initial positions are 
all the same ( xo, Yo) = ( 1, 0) , while the initial velocites are ( x0, Yo) = 
( -0.5, 0.5) , ( -1, 1), ( -1, 1.25), respectively. 
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velocity ( -0.5, 0.5) gives the elliptical orbit shown, while the initial veloci-
ties ( -1, 1) and ( -1, -1.25) give trajectories that appear to be a parabola 
and a hyperbola, respectively. Of course, the plots of the latter two do not 
have enough information to rule out the possiblity that these trajectories are 
elliptical or even to decide definitively if they are parabolic or hyperbolic. 
However, this can be determined theortically (exercise) . 

Figure 2.19 shows two trajectories of a body under an inverse cube law 
of attraction f ( r) = 1 j r3 . The initial position in each case is the same, 
(xo, Yo) = (1, 0), while the initial velocities are (xS , yb) = (0, 1), ( -0.1, 1) , 
respectively. With the first initial velocitiy, the body travels in a closed 
orbit around the origin, while the latter initial velocity gives a trajectory 
that spirals in toward the origin. 

I I 

circular orbit 

Cores 
body at time t = 0 

- I 

Figure 2.19: Plots of two trajectories (x(t), y(t)) for a body attracted toward 
the origin with a inverse cube law of force. While the initial positions are 
the same, the initial velocities are (xS,Yb) = (0,1),(- 0.1 , 1). 

It is important to note that the figures give the trajectories of a hypo-
thetical body in a central force field with r the position of the body relative 
to the origin. In the discussion, we reduced the two-body problem to such a 
central force problem and in that setting r = r 2 - r1 represents the position 
of the second body relative to the first. The actual motion of the two bodies 
comes from writing r 1 , r 2 in terms of R , r and then plotting each trajectory, 
i.e., curves r1, r2 . Each of these trajectories can look quite different than 
those in Figures (2.17)-(2.19). See Figure 9.4 in Chapter 9 for an example 
of what we mean. Generally each body will trace a path about the center of 
mass, which may be stationary or in motion (exercise) . In the cases where, 
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say m 1 is very large compared with m2 (like the sun's mass as compared 
with the earth's), the center of mass essentially corresponds to the position 
of the first body, given by r 1. Thus, for all practical purposes the solution r 
of the central force problem gives the trajectory of the second body orbiting 
the mass first body. In this case figures (2.17)-(2.19) give pictures of the 
"actual" motion of the second body. 

Exerdses 2.5 
1. The transformation to Jacobi coordinates, in matrix form, is 

Find the matrix A and it's inverse A -l. Use this to give the formulas that 
explicitly express r 1 , r 2 as linear combinations of r, R. 

2. Suppose f : (0, oo) --+ lR is any function. Show that the system of DEs 

Gm1m2j(r12)(r2- r1)/r12 

Gm1m2j(r12)(r1- r2)/r12, 

transforms into the system 

r" 
kf(r) 

---r 
r 

R" 0, 

in Jacobi coordinates. That is, any solution r 1 , r 2 of the first system gives a 
solution r, R of the second system, and conversely. Thus, the two-body prob-
lem with a general force of interaction f is reduced to the general central force 
problem. This generality is useful, for example, in electromagnetism where 
some particles repel one another and where some molecular interactions are 
modelled by something other than an inverse square law. 

3. Use Kepler's 2nd law to show that the central force equations (2.28)-(2.29) 
are equivalent to the system 

r" -kf(r) 

c. 

(2.37) 

(2.38) 

For some choices of f, one can explicitly do the integrals necessary to solve 
(2.37) for r. Then () is determined directly from equation (2.38). 

4. In the central force problem, a particle's trajectory is in a straight line when 
its angular momentum is zero, i.e., when c = 0. This is to be expected 
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physically, but mathematically it follows from the fact that the system of 
DEs (2.37)-(2.38) in Exercise 1 reduces to 

r" 
() 

-kf(r) 
()0. 

(2.39) 

(2.40) 

This says that the particle moves along the line through the origin which 
makes an angle ()0 with the x-axis and its position r = r(t) on this line is 
determined from the differential equation for r. The motion is toward or away 
from the origin depending on the initial radial velocity rb. Even if rb > 0, 
the velocity may not be great enough for the particle to "escape" the central 
force, i.e., at some time the particle may change direction and move back 
toward the origin. This exercise studies the precise type of motions possible 
for the inverse square law: f(r) = r-2 . Specifically: 

(a) Show that for any solution r I -+ JR. of the DE (2.39), there is a 
constant E such that 

1 '( )2 k 2r t = r(t) + E, (2.41) 

for all t E I. Assuming 0 E I and r(O) = r0 , r'(O) = rb are given initial 
values, the value of E is 

Show that equation (2.41), after some algebraic manipulation, becomes 
a separable DE with solution formally given by 

t = ±j Vr dr. 
VivEr+k 

(2.42) 

Here the ± sign is chosen as + if rb 2": 0 and as - if rb < 0. 

(b) In the case E > 0, show that the relation between r and t described by 
equation (2.42) is 

E-3/2 ( (vEr + k + ffr)) t = ± Vi v'EvrvEr + k-k ln V'k +b. (2.43) 

This requires computing the indefinite integral by using a rationalizing 
substitution, a trig substitution, and integration by parts. Do not use 
a computer for this, but rather show your work by hand. 

(c) In the case E < 0, show that the relation between r and t described by 
equation (2.42) is 

(2.44) 
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(d) In the case E = 0, show that the relation between r and t described by 
equation (2.42) is 

t = ± y'2 r 312 + b. 
3Vk 

(2.45) 

(e) For a given initial position r 0 (always assumed to be positive) analyze 
the nature of the motion of the particle with initial radial velocity 
For this, sketch (by hand) graphs of r as a function of t, by using 
the information in the DE: r" = -kr-2 and the equation (2.41). Do 
graphs illustrating the differences that occur for choices of and E that 
are positive, zero, and negative. Note: Equations (2.43)-(2.45) give t 
precisely as a function of r (the constant of integration b is determined 
from r(O) = r0 ). However, you should be able to do the sketches without 
this information. 

(f) Let r : I --+ be a solution of the DE (2.39) with initial conditions 
r(O) = r0 , r'(O) = For the cases when > 0, show that there is a 
a radial velocity E: > 0, the escape velocity, such that (i) if E, then 
r'(t) > 0, for all t and so the particle escapes the central force, and (ii) 
if < E:, then r'(t*) = 0, at some timet* and r'(t) < 0 for all t > t*. 
Thus, the particle stops and reverses its direction of travel. In case (ii), 
find the time t*. 

(g) Let T be the function defined by 

1rl Vr 
T(rl) = ± y'2 dr. 

ro 2v'Er + k 
(2.46) 

This depends on E as well as the choice of the ± sign. Use equations 
(2.43)-(2.45) to find explicit formulas for T in the three cases E > 
0, E < 0, E = 0. Express your answers, in the first two cases, with the 
escape velocity E: in them .. For particles with initial radial velocity that 
is negative, or positive but less than the escape velocity, show that the 
particle collides with the origin in a finite amount of time and find the 
exact time at which this occurs. 

5. (Conic sections in polar coordinates) Ellipses, parabolas, and hyper-
bolas are particularly simple to describe in polar coordinates and indeed all 
three are described by the same equation. This is so provided the origin is 
one of the foci. Geometrically the description is one and the same as well. 
Thus, let F be a given point (a focus), D a given line (the directrix) not pass-
ing through F, and e > 0 a given number (the eccentricity). Consider the 
collection of all points P in the plane such that the distance P F to the focus 
in ratio to the distance to the P D to the directrix is equal to e. Specifically, 

PF 
==e. PD 

See Figure 2.20. Take F as the origin and the x-axis perpendicular to D 
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\ ' A 

Figure 2.20: Geometrical description of a conic section in polar coordinates. 

as shown. Let b be the distance from the focus to the directrix, r = P F, 
u = P D, and e the angle as shown in the figure. 

(a) Show that the polar equation for the curve with the above geometrical 
description is 

eb 
r= . 

1 + ecose 
(2.47) 

(b) Find the Cartesian equation of the curve with polar equation (2.47) 
and use this to show that the curve is a parabola if e = 1, an ellipse if 
e < 1, and a hyperbola if e > 1. In terms of e and b, compute all the 
standard quantities for these conics (coordinates of the center, major 
and minor axis lengths, etc.). Sketch the curves in t he three cases. 

6. (Inverse square law) For the inverse square law of attraction, we found 
that each integral curve, in polar coordinates, of t he central force problem, 
lies on a curve with polar equation 

1 
r = - -,----::--=-:---=-a+ A cosO + B sine· 

(2.48) 

This exercise is to identify this latter curve as a conic section and to relate 
a, A, B with the constants from the initial conditions. 

(a) Show that the curve (2.48) is a conic section with focus at the origin. 
Hint: Convert equation (2.48) into one of the form (2.47) as follows. 
Let R = J A2 + B2 and let 8 be the unique a ngle in [0, 2n] such that 

Then show that 

A 
cos8 = R' 

. B 
sm8 = R' 

A cosO+ BsinO = Rcos(O- 8), 
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Figure 2.21: The curve r =(a+ A cosO+ Bsine)-1 is a conic section with 
focus, axis, and directrix as shown. 

and that equation (2.48) can be written in form (2.47) with 

R 
e= - , 

a 
b--R' 

Explain how this gives the picture shown in Figure 2.21. In particular 
describe how to locate the axis of the conic section and determine t he 
point on the curve closest to the origin. This is known as the pericenter 
for the conic section. For the ellipse also determine the point with 
greatest distance from the origin (know as the apocenter) . 

(b) Suppose t t--7 (r(t) , e(t)) is an integral curve of the central force equa-
tions (2.28)-(2.29) in polar coordinates, with initial conditions (r(O) , e(O)) = 

(r0 , e0 ) and (r'(O), e'(O)) = (r0, e0). For simplicity assume that eo= 0. 
Let c and k be the constants introduced in the text , and, assuming the 
angular momentum is not zero ( c =/= 0) , let 

k 
a = 2 · c 

Use equation (2.36) to show that 

1 
A = - - a, 

ro 

4 I 

B = - roro 
c 

(2.49) 

7. Use the results in Exercise 6 to prove t hat the three trajectories in Figure 
2.17 are an ellipse, a parabola, and a hyperbola. For each trajectory, find the 
angle 6 that the axis of the conic section makes with the x-axis, the point 
(pericenter) of closest approach to the origin, and the approximate time h 
when the closest approach occurs. Note: While there is a way to exactly 
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determine the time t when the body is at any point on its trajectory (see 
Chapter 9), you are to experimentally determine t1 by using a computer and 
an appropriate graph. For the elliptical trajectory, also find the lengths of 
the major and minor axes, the period of the orbit (time for one complete 
cycle), the point ( apocenter) on the trajectory farthest from the origin, and 
the time t2 when this occurs. 

8. (Inverse cube law) The differential equation 

that determines the function p is particularly simple when the law of attrac-
tion is inverse cube: f(u) = u-3 . In this case it becomes 

p" + (1- a)p, (2.50) 

which has well-known solutions depending on the value of 1- a. Recall that 
a= kjc2 • 

(a) Suppose a= kjc2 < 1 and let w = .;l=a. Then the general solution 
of (2.50) is 

p = Acos(wO) + Bsin(wO). 

Use the technique from Exercise 6 to rewrite this with only a cosine 
term and thus show that when the angular momentum c > Jk for a 
solution t r-+ (r(t), O(t)) of the equations of motion lies on the curve 
with polar equation of the form. 

R-1 
r= . 

cosw(O- 8) 
(2.51) 

Analyze the nature of this curve, explaining the significence of R, 8 and 
what happens when the denominator is zero. Is there an axis for the 
curve, apocenter, or pericenter (or does the curve tend to infinity)? 
Determine the relationship of A, B, R, 8 to the initial data ro, rb for the 
DE (you may assume that Oo = 0). 

(b) Suppose a= kjc2 > 1 and let w = Ja=l. Then the general solution 
of (2.50) is 

p = Acosh(wO) + Bsinh(wO). (2.52) 

Since the hyperbolic functions have entirely similar properties to the 
corresponding trig functions, we can use a technique like that in Exercise 
4 to rewrite the above as a single hyperbolic cosine function. However, 
we do need to divide into cases depending on where the point (A, B) 
lies in the x-y plane. Note that every point in the plane lies on a unique 
hyperbola x 2 - y 2 = ±R2 , or on the pair of lines x2 - y 2 0. 



72 Chapter 2. Techniques, Concepts, and Examples 

(i) If B =±A show that equation (2.52) reduces top= Ae±we and 
thus the solutions of the polar equations of motion lie on the curve 
with polar equation 

Analyze the nature of the motion in each case (choice of±) and 
relate the constants to the initial data ro, rb. 

(ii) If R2 = A2 - B 2 > 0, show that the solutions of the polar equations 
of motion lie on the curve with polar equation having one of the 
following forms: 

R -R 
r = --:---:-::---:::;-

coshw(B + 5) 
or r=-----

cosh w( e - 5)" 

Analyze the nature of the motion in each case (choice of ±) and 
relate the constants to the initial data ro, rb. 

(iii) If R2 = A2 - B 2 < 0, do an analysis like that in (ii). 

Note: The curves in these cases (i), (ii), and (iii) are known as Cotes' 
spirals. 

9. Give a precise meaning and explanation for the statement that, in the two-
body problem, each body executes an orbit about the center of mass. 

2.6 Summary 
In using a computer to numerically approximate solutions and plot phase 
portraits for systems of DEs, it is essential to have some understanding of 
the algorithm used by the computer to obtain these approximations. This is 
especially so in effectively controlling and interpreting the computer plots. 
This chapter discussed the Euler numerical scheme as the most basic and 
easily understood numerical method for solving systems of differential equa-
tions. In practice, most software packages, like Maple, use more refined nu-
merical techniques, but the Euler method is best for pedagogical purposes 
and also helps in understanding the more refined methods. 

The chapter discussed gradient systems x' = \l F(x), where F : 0 
ffi.n --+ lR is a given differentiable function, as special examples of systems 
that arise in heat flow and potential fluid flow. The form of gradient systems 
leads to the result that each integral curve of the system intersects each level 
set of F orthogonally. In dimension n = 2 this allows one to use the time-
honored technique of sketching the integral curves from plots of a sequence 
of level curves. 

The determination of fixed points and the classification of their stability 
was studied via a number of representative examples of systems in JR2 . While 
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stability of fixed points for systems in the plane can usually be discerned from 
plots of the phase portrait, a rigorous definition of stability (see Chapter 7) 
is needed, especially in higher dime:p.sions where visualization is difficult. 

Limit cycles were introduced and their stability discussed by means of the 
technique of transforming a planar system into a system in polar coordinates. 
Again Chapter 7 will give precise definitions for these concepts, but here 
the discussion was directed toward showing how, like fixed points, these !-
dimensional geometrical objects influence the nature of the phase portrait 
and how the technique of transforming systems of DEs (studied in Chapter 
6) is an important analytical tool. 

The discussion of the two-body problem provides a prelude to the study 
of the N-body problem in Chapter 9. Even if you do not intend to study 
the material in Chapter 9, the discussion here is valuable as a motivation 
for why conservation laws are important in the analysis of systems of DEs. 
Conservation laws are synonymous with the existence of 1st integrals, and 
this topic is discussed in more detail in the chapter on integrable systems 
(Chapter 8) and, of course, in the chapters related to mechanics (Chapters 
9, 10, and 11). 



Chapter 3 

Existence and Uniqueness: The 
Row Map 

In this chapter we describe in detail several general results concerning the 
initial value problem (IVP): 

x' X(t, x) 
x(to) c. 

The main result is the Existence and Uniqueness Theorem, from which many 
additional results can be derived. Throughout, X : B ---+ ffi.n is a time-
dependent vector field on an open set B ffi.n+l. Various continuity and 
differentiability conditions will be imposed on X in order to get the results, 
but at the start we assume, at the bare minimum, that X is continuous on 
B. For the sake of reference we include the proofs of most of the results, 
although understanding some of the details requires being comfortable with 
several basic ideas from functional analysis. 

The most fundamental and important construct to arise from the results 
presented here is the flow map, or simply the flow, ¢ generated by the vector 
field X. It is an indispensable notion and tool in many fields of study ranging 
from differential geometry to continuum mechanics. 

A key ingredient in the proof of existence and uniqueness theorems is the 
fact that any initial value problem (IVP) can be reformulated as an integral 
equation. To see how to do this, we need a definition. 

Definition 3.1 Suppose a : I ---+ ffi.n is a continuous curve: 

a(s) = (al(s), ... ,an(s)), 

75 
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for s E I. Assume I contains the given initial time to. FortE I, the integral 
of a from to to t is, by definition: 

fta(s)ds= ( ral(s)ds, ... , ftan(s)ds). 
ito ito ito 

Thus, the value of the integral is a point (or vector) in JRn. 

It is easy to see that the Fundamental Theorem of Calculus extends to 
such integrals of vector-valued functions. Specifically: 

For a curve a as above, we get a curve (3 : I -+ JR.n, given by: 

f3(t) = rt a(s) ds. 
ito 

Here we use the convention that = - ftto, if t < to. The curve (3 is 
differentiable and 

f3'(t) = dd rt a(s) ds = a(t), 
t ito 

for every t E I. This is the first part of the Fundamental Theorem of 
Calculus. The second part is: 

rt f'1(s) ds = 'Y(t)- !'(to), 
ito 

for any differentiable curve: 'Y : I -+ ]Rn. 

The reformulation of the IVP: x' = X(t,x), x(to) = c, in terms of an 
equivalent integral equation, involves two observations: 

Observation 1: Suppose that a : I -+ JR.n is a solution of the IVP, i.e., 
toE I, (s,a(s)) E B, for all s E I, 

a'(s) = X(s, a(s)), (3.1) 

for all s E I, and 
a(to) =c. 

Then it's legitimate to integrate both sides of equation (3.1) from t0 to 
t. Doing so, using the Fundamental Theorem of Calculus and the initial 
condition, shows that a satisfies the integral equation: 
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Integral Version of the IVP: 

a(t) = c + 1t X(s, a(s)) ds 
to 

(3.2) 

for all t E I. 

In order to justify the name integral version of the IVP, we must also show 
than any solution a of equation (3.2), does indeed satisfy the original IVP. 
This comes from the following: 

Observation 2: Suppose that a : I --+ IRn is a continuous curve that 
satisfies the integral equation (3.2). This means that t0 E I, (s,a(s)) E B, 
for all s E I, and that (3.2) holds. Then clearly a(t0 ) =c. By the first part 
of the Fundamental Theorem of Calculus, the curve defined by the right side 
of equation (3.2) is differentiable, and thus so is a, and 

a'(t) = :t [c+ 1: X(s,a(s))ds] = X(t,a(t)), 

for all t E I. 
This shows the equivalence of the differential and integral versions of the 

IVP. 

Example 3.1 The initial value problem: 

x' (x+l)y 
y' X- y, 

x(O) = 3, y(O) = 5, is equivalent to the system of integral equations: 

a1(t) 3 +lot (a1(s) + 1) a2(s) ds 

a2(t) 5 +lot (a1(s)- a2(s)) ds. 

Of course reformulating, an IVP as an integral equation does not make 
it any easier to solve by hand. However, from a theoretical point of view 
integral equations are easier to deal with than differential equations. 

Inherent in the integral equation version of the IVP is a certain operator, 
or transformation, T acting on curves. This is defined as follows. 
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Definition 3.2 Suppose (3: I---+ IRn is any continuous curve with (s, (3(s)) E 
B, for all s E I. Let T((3) denote a new curve on I (a transformation of (3) 
defined by: 

fortE I. 

T((3)(t) = c + ft X(s, (3(s))ds, ito (3.3) 

Using the notation from the definition, it is clear that the integral version 
(3.2) of the IVP is 

a= T(a). 
This equation just says that a is a fixed point of the map T. This is not 
to be confused with the notion of a fixed point of an autonomous vector 
field (although we shall see later that a fixed point of a vector field is indeed 
a fixed point of the flow it generates). This viewpoint of considering a 
solution of the IVP as nothing other than a fixed point of the map T has 
led to generalizations and broad abstractions of the material present here. 
In addition, the key ingredient in the proof of the existence and uniqueness 
theorem below is the idea that a fixed point of T can be found by iterating 
the action of the map T. This gives the modern version of Picard's iteration 
scheme. 

3.1 Picard Iteration 
The Picard iteration scheme is a method used not only to prove the existence 
of a solution a of an IVP (i.e., a fixed point ofT), but also to give us explicit 
approximations to a. The method is actually quite simple and is described 
as follows. 

Again assume that I is an interval containing the initial time t0 for the 
IVP. Let C be the set of all continuous curves (3 : I ---+ IRn, and for simplicity 
in this section on Picard iteration, assume that B = I x JRn. Then the 
map T, defined by equation (3.3), has the set C as its domain as well as 
its codomain, i.e., T : C ---+C. Note that for a general open set B in JRn+l, 
there is no guarantee that T((3) E C for each (3 E C. In the Existence and 
Uniqueness Theorem in the next section, where there is no restriction on B, 
we will have to choose a somewhat smaller set of curves C, which T, in the 
general case, will map into itself. 

Definition 3.3 For a given curve /3 E C, the Picard iterates of (3 are the 
elements in the sequence {Tk(f3)}k=1 , 

To((3) = (3 
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T((3) 
T(T((3)) 
T(T(T((3))) 
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It will be shown in the Existence and Uniqueness Theorem that, under 
approriate assumptions, a sequence of Picard iterates always converges to 
a fixed point a of T, regardless of the choice for the initial curve (3. This 
is a rather remarkable fact. The assumptions we use also guarantee that a 
is unique. Thus, we can start with any curve (3 and take the limit of its 
iterates to find a. Because of this, a standard choice for the initial curve is 
the constant curve: (3 ( t) = c, for all t E I. 

Example 3.2 If the system of DEs is not too complicated, the first few 
Picard iterates are easy to compute by hand. For example, consider the 
system: 

x' x(y+1) 
y' x2 _ y2, 

with initial conditions x(O) = 1, y(O) = 1. Then c = (1, 1) and the vector 
field X is 

X(x, y) = (x(y + 1), x 2 - y2 ). 

If we take the constant map 

(3(t) = (1, 1), 

for all t E JR, as the initial curve, then since X(1, 1) = (2, 0), the first Picard 
iterate is 

T((3)(t) = (1, 1) +lot (2, O)ds = (1 + 2t, 1). 

Since X(1 + 2s, 1) = (2 + 4s, 4s + 4s2), the 2nd Picard iterate is 

(1, 1) +lot (2 + 4s, 4s + 4s2 )ds 

(1 + 2t + 2t2, 1 + 2t2 + !t3). 
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The higher-order Picard iterates get rather complicated algebraically and 
while the calculations at each step involve only polynomial integration, the 
work quickly becomes tedious if done by hand. For example, it takes several 
minutes to calculate the 3rd iterate: 

T 3((3)(t) = 

( 1 + 2t + 2t2 + 2t3 + it4 + it5 + it6 1 + 2t2 + it3 + it4 - lit6 - 16 t7) 3 3 9 ' 3 3 9 63 

by hand. For T 4 ((3) , which has polynomial components of the 14th and 15th 
degrees, and the rest of the iterates, it is best to use a computer algebra 
system to calculate the results. One can also use a computer to see how well 
the iterates approximate the actual solution a near c. Figure 3.1 illustrates 
this for the example here. As the figure indicates, the 1st Picard iterate is 

a. 

3 

0 6 

Figure 3.1: Plots of the Picard iterates Tk((3), k = 1, ... , 6 that approximate 
the solution a if the IVP in Example 3.2. 

the tangent line to a. It 's not hard to show, in general, that whenever X is 
an autonomous vector field and for the initial curve we take (3(t) = c, for all 
t, then the first Picard iterate T((3) is the tangent line to the actual solution 
a at a(O) =c. 

Exerdses 3.1 
1. Let j3k = Tk(/3), k = 1, 2, 3, ... , be the sequence of Picard iterates for an 

initial value problem x' = X(x), x(O) = c. For each of the following IVPs 
compute, by hand, the first few Picard iterates: /31 , {32 , and {33 , starting with 
j3 (t) = f3o = c. This will be informative and good practice for future tests. 



3.1. Picard Iteration 81 

Then use a computer to compute the iterates f3k, k = 1, ... , 6 and graph 
these, in the same figure, along with the acutal solution o: of the IVP. Choose 
suitable ranges for the plots and annotate the resulting figure, identifying the 
iterates and the exact solution o:. Also, do the additional studies asked for 
in each specific problem. You may find it helpful to read and use the Maple 
worksheet picard.mws on the CD-ROM. 

(a) 

(b) 

(c) 

x' 1 + x 2 

x(O) 0. 

Also, for this problem, find the general solution of the DE. 

x' 
y' 

(x(O), y(O)) 

Also, do the following additional study: 

-y 
x(y + 1) 
(1, 1). 

(i) The actual solution: o:(t) = (x(t), y(t)), of the initial value prob-
lem is a closed curve. Plot, in the same figure, the graphs of the 
component functions x, yon a sufficient time interval to determine 
the aproximate period p of o:. 

(ii) Study how well the Picard iterates f3k(t) = (uk(t),vk(t)),k = 
1, ... , 6, approximate o: on the whole time interval [-p,p]. Include 
plots of the graphs of x and u4, u5 , u6 in the same figure and plots 
of y and v4 , v5 , v6 in the same figure (properly annotated). If your 
computer is capable, extend the study to the iterates (37 , (38 , (39 , 

but be careful of memory requirements. The theory is that the 
Picard iterate f3k, for large k, will approximate o: well only on a 
neighborhood, i.e., interval I, of the initial time t = 0. From your 
figures determine, for each iterate, the largest interval on which 
the approximation appears good. Why, for the particular approx-
imations here, would you expect them only to be good for t close 
to zero ? 

x' 
y' 

(x(O), y(O)) 

y-x 
x(y - 2) 
(-1,1). 

Also do the following additional study. The actual solution: o:(t) = 
(x(t), y(t)), of the initial value problem is a spiral that tends to the 
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origin as t --+ oo. Study how well the Picard iterates approximate a by 
following the instructions in part (b)(ii) of the last problem, but now 
use the time interval [0, 20] instead of [-p,p]. 

2. Let f3k = Tk(/3), k = 1, 2, 3, ... , be the sequence of Picard iterates for an 
initial value problem x' = X(x), x(O) = c, and assume that the initial curve 
f3 is the constant curve f3(t) = c, for every t E R Let a : I --+ be an 
(the) actual solution of the initial value problem. Show that the 1st Picard 
iterate /31 , is the tangent line to the curve a at c. Show that the 2nd Picard 
iterate /32 is a curve that passes through c and has the same velocity and 
acceleration as a at time 0, i.e., = o:'(O) and = o:"(O). Can you 
generalize ? 

3.2 Existence and Uniqueness Theorems 
There are numerous existence and uniqueness results in the literature and 
this section discusses just one from the many available. By assuming less 
than we do here, more general results on the existence of solutions to systems 
of DEs can be proven. In addition, existence and uniqueness can be proven 
by using the more general idea of a Lipschitz condition. These extensions 
will be discussed in the exercises and Appendix B. 

Theorem 3.1 (Existence and Uniqueness Theorem) Suppose X: B---+ 
is a time-dependent vector field on B x Assume that all the 

partials 8Xij8xj,i,j = l, ... ,n, exist and are continuous on B. Then for 
each point (to, c) E B, there exists a curve a: I---+ with t0 E I, which 
satisfies the initial value problem 

x' X(t, x) 

x(to) c. 

Furthermore, if 1 : J ---+ is any other solution for the initial value prob-
lem, then there is an interval Q I n J, with to E Q such that: 

a(t) = 1(t) for every t E Q. (3.4) 

Hence any two solutions of the initial value problem agree on a neighborhood 
of to. 

Note: Corollary 3.1 below improves on the uniqueness result by showing 
that equation (3.4) holds for all t E In J. For now it's more expedient to 
just prove the restricted result stated in the theorem. 
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Proof: We will need to make some estimates that require a norm on the 
elements x = (x1, ... ,xn) in ffi.n. The usual norm lxl =the length of x, 
while being geometrically preferred (lx- Yl gives the distance between the 
points x, y E ffi.n), is not as easy to use here as is the norm II · II defined by 

n 

llxll = L lxil· 
i=l 

This is called the £1 norm, and llx - Yll is abstractly still considered as 
measuring the "distance" between x andy. With respect to this norm, we 
use the notation: 

B(c,r) = {x E ffi.n lllx- ell :S r}, 

for the closed ball in ffi.n, centered at c, and having radius r. 
Since B is an open set and (to, c) E B, we can chooser> 0, b > 0 so that 

[to- b, to+ b] x B(c, r) c B. Since the functions Xi, ()Xi j8xj, i,j = 1, ... , n 
are continuous on B, and therefore also.on [to- b, to+ b] x B(c, r), and the 
latter set is compact, there exists a constant K > 0 such that: 

IXi(t,x)l < K 
()Xi 
ox· (t,x) < K, 

J 

(3.5) 

(3.6) 

for all (t, x) E [to- b, t0 + b] x B(c, r), and all i,j = 1, ... , n. Inequality (3.5) 
immediately leads to the inequality: 

n 

IIX(t,x)ll = L IXi(t,x)l:::; nK, (3.7) 
i=l 

for all (t,x) E [to- b,to + b] x B(c,r). We also claim that inequality (3.6) 
leads to the inequality: 

IIX(t,x)- X(t,y)ll:::; nKIIx- Yll, (3.8) 

for all x, y E B(c, r)and t E [to- b, to+ b]. To see this, fix x, y E B(c, r), t E 
[to- b, to+ b] and for each i define a function hi by: 

for .X E [0, 1]. Note that the point .Xy + (1- .X)x lies on the line seqment 
joining x andy, and so lies in the set B(c,r), since this set is convex. Thus, 
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the above definition of hi makes sense. Now apply the mean value theorem 
to hi to get that there exists a Ao E (0, 1) such that 

Using this, the chain rule to differentiate hi, and inequality (3.6) gives us 

n 

< KLIYi-xil = Klly-xl!. 
j=l 

Thus, summing both sides of this last inequality as i goes from 1 to n gives 
the desired inequality (3.8). 

Now choose a number a> 0 such that 

a< rj(nK), a<b a< 1/(nK), 

and let C denote the following set of curves: 

C = { f3: [to- a, to+ a] -t B(c, r) I f3 is continuous }. 

Restricting the transformation T defined by 

T(f3)(t) = c+ ft X(s,f3(s))ds ito 
to the curves in the set C, we claim that T : C -t C. That is, if f3 is inC, 
then also T(f3) is in C. Note that T(/3) is automatically continuous, since, 
by the Fundamental Theorem of Calculus, it is differentiable. Thus, all we 
have to show is that T(f3)(t) E B(c, r) for all t E [to- a, t0 +a]. To see this, 
suppose first that t >to. Then 

IIT(f3)(t) -ell = 11l,t X(s,f3(s))dsll to 
< lt IIX(s,f3(s))ll ds to 
< nK!tl 
< nKa < r. 
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The first inequality in the above is a general result which follows from the 
definition of the integral of a curve from t0 to t and the special choice of the 
norm 11·11· The other inequalities follow from the above work. The argument 
in the case that t < t0 is similar. 

We next show that T : C --+ C is a contraction map, i.e., there exists a 
constant 0 < q < 1 such that 

IIT(J))- T('Y)II ::; qiiJ3- I'll, (3.9) 

for all ;3, /' E C. This inequality says that the distance between T(J]) and 
T('y) is strictly less than the distance between j3 and/' (since q < 1). Thus, 
T "contracts" the distance between points. This is the crucial property 
needed to ensure convergence of the Picard iterates. 

The contraction property ofT in (3.9) comes from an estimate involving 
yet another norm. This is a norm not on IR.n, but rather on the vector space: 

C = { j3 : [to -a, to+ a] --+ IR.n I j3 is continuous }, 

of all continuous curves on the interval [to-a, t0+a] (not just the ones that lie 
in B(c, r)). This vector space Cis infinite-dimensional and contains the set C 
as a subset. The norm on C, which also applies to elements in C, is a natural 
one, called the sup or supremum norm. It is defined as follows. If j3 E C, 
then the map t t--t IIJ3(t) II is continuous on the closed interval [to- a, to+ a], 
and so by the Extreme Value Theorem from advanced calculus, attains its 
largest (or supreme) value on this interval. The value is the norm of ;3. 
Symbolically we write 

IIJ311 = sup{IIJ3(t)lll t E [to- a, to+ a]}. 

With respect to this norm, we will show that T is a contraction on C. 
Now suppose that ;3,')' E C and t E [to-a, to+a]. We assume that to< t. 

The other case is similar. Then we get 

IIT(J))(t)- T('y)(t)ll 111t [X(s, J](s))- X(s, 'Y(s))] ds II 
to 

< 1t IIX(s,J)(s))- X(s,')'(s))ll ds 
to 

< nKlt IIJ3(s)- ')'(s)ll ds 
to 

< nKit - to 111;3 - I'll ::; nK aiiJ3 - I'll· 
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We get the same result when t0 > t. Hence by definition of the supremum, 
we get 

liT(/))- T(l)ll nKall/3- rll· (3.10) 

Thus, we can take 
q = nKa < 1 

to get that T is a contraction mapping on C. We now use this to show that 
the sequence of Picard iterates converges to a unique solution of the IVP, 
for any choice of f) E C. 

We have already seen that T maps C into itself: T: C---+ C. So suppose 
we select any curve f) E C and apply T to it successively, resulting in the 
sequence of Picard iterates: 

which is a sequence of curves (or abstract points) in C. We first get an esti-
mate on how far apart Tk(/3) and Tk+P(f)) are with respect to the sup norm. 
Using the contraction property (3.9) repeatedly, we derive the inequality: 

IITk(/3)- Tk+p(/3)11 IIT(Tk-1(/J))- T(Tk+p-1)(/3))11 
< qiiTk-1(!3)- Tk+P-1(!3)11 

(3.11) 

for any k and p. A particular case of this inequality is for p = 1, from which 
we get 

(3.12) 

To analyze inequality (3.11) further, we ask how far apart can f) and TP(f)) 
be with respect to the sup norm? To answer this, note that the sup norm 
satisfies the triangle inequality: llr + llrll + for any two curves 
{, p, E C. The triangle inequality extends to the sum of any number of 
curves. Using this and the contraction property (3.9), and inequality (3.12), 
we get 

11;3- TP(f3)11 11/3- T(f3) + T(f3)- T2(/3) + ... + TP-1(;3)- TP(f3)ii 
< 11!3- T(!J)II +liT(/))- T2(!J)II + 0 0 0 + IITP-1(/J)- TP(f3)11 
< II/3-T(/3)11(1+q+ .. ·+qP-1) 
< 11!3- T(!J)II/(1- q) (3.13) 
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If we use this on the last part of inequality (3.11), we get: 

(3.14) 

for all k and p. This is the result we have been working toward. It says 
(since limk-+oo qk = 0) that the sequence is a Cauchy sequence 
inC C. It is a standard result in functional analysis that C is complete, 
i.e., every Cauchy sequence in C converges to some element in C. Thus, 
there exists an a E C such that 

lim IITk(,B)- all = 0. 
k-+oo 

(This is equivalent to saying the sequence of curves: converges 
uniformly on [to- a, to+ a] to the curve a.) 

We now want to show that in fact a E C and is a fixed point ofT. To 
see the first assertion, note that for every t E [to - a, to + a], and for all k 

lla(t)- ell < lla- ell 
< lla- Tk(,B)II + IITk(,B)- ell 
< lla- Tk(,B)II + r. 

Here we are abusing notation and writing c, when we really mean the con-
stant curve: '"Y(t) = c, for every t. Also in the above we used the fact that 
Tk(,B) E B(c, r). Now taking the limit ask--+ oo in the above gives: 

lla(t) -ell r, 

for every t E [to- a, to+ a], which says that the curve a lies in B(c, r). 
As mentioned above the curve to which the sequence of iterates converges 

is an element of C, which means in the case at hand that a is continuous. 
Thus, we have verified that a E C. 

To see that a is a fixed point, it suffices to observe that since T is a 
continuous map: 

T(a) r( lim Tk(,B)) 
k-+oo 

lim T(Tk(,B)) 
k-+oo 
lim rk+1(,B) =a. 

k-+oo 

All of the above shows the existence of a solution a defined on the interval 
I= [to- a, to+ a], and we finally wish to show that a is unique in the sense 
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that if"' : J --+ 0 is any other solution of the IVP, then "' = a on an interval 
Q = [to - m, to + m] In J. We choose m > 0 as follows. By continuity 
of "f, there is a <5 > 0 such that I'Y(t)- cl r for all t such that It- tol < <5. 

Now take m =min{&, a}. By construction a(t) and j3(t) lie in B(c, r) for all 
t E Q. Next let 

M =sup{ lla(t)- 'Y(t)lll t E Q }. 
Then all we need to show is that M = 0. The argument for this is entirely 
similar to that used in deriving inequality (3.10). Thus, suppose t E Q. 
Then since a and "' satisfy the IVP, we have 

a(t) c + ft X(s, a(s))ds ito 
'Y(t) c+ ft X(s,"f(s))ds, ito 

and so we get (assuming that t > to) 

lla(t)- 'Y(t)ll II rt[X(a(s))- X('Y(s))] ds II ito 
< rt IIX(a(s))- X('Y(s))ll ds ito 
< nK ft lla(s)- 'Y(s)ll ds ito 
< nKit- toiM nKaM. 

Note that the second inequality above comes from inequaltity (3.8) and 
requires that a(s),"f(s) E B(c,r) for all s E Q. That is why we chose 
Q the way we did and is also why we must settle for a weaker version of 
uniqueness (which we strengthen in the next corollary). Many differential 
equations texts incorrectly handle the argument on uniqueness at this point, 
so beware. 

Similar reasoning holds if t < to. From this last inequality and the 
definition of the sup, and with q = nK a as before, we get: 

Since q < 1, the only way for this inequality to hold is for M = 0, which is 
what we wanted to show. This completes the proof. D 

The proof just given, while quite lengthy, is certainly worth your study. 
It exhibits several ideas-contraction mapping, fixed points, and complete-
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ness of normed linear spaces-that have become essential to much of modern 
analysis. There are several results connected with the Existence and Unique-
ness Theorem. These are directed to the all-important definition of the flow 
generated by the vector field X. 

Corollary 3.1 {Global Uniqueness) If a : I ---+ JRn and f3 : J --t ]Rn 
are two solutions of the system x' = X(t,x) and if a(to) = f3(to) for some 
to E I n J, then 

a(t) = 'Y(t) for every t E I n J. 

Proof: Let ao, bo be the left- and right-hand end points,respectively, of the 
interval I n J (possibly ao = -oo or bo = oo). Define two sets of numbers: 

A= {a E In J I a= f3 on (a, to]} 
B = {bE In J I a= f3 on [t0 , b)}. 

If A is not bounded below, then a= f3 on ( -oo, to] and if B is not bounded 
above, then a = f3 on [to, oo). Thus, a = f3 on IR, and so the corollary is 
certainly true. 

Suppose B is bounded above and let b1 = sup B :::; bo. Note that if 
t E [t0 , b1), then tis not an upper bound forB and so there is abE B such 
that t < b. Then a(t) = f3(t). This shows that a= f3 on [t0 , b1). 

Claim: b1 = bo. 

If not, then b1 < bo, and we get a contradiction as follows. Since b1 is not 
an end point of In J, there is an c > 0 such that (b1- c, b1 +c) c In J. 
See Figure 3.2. Now a = f3 on (b1 - c, b1). For if t E (b1 - c, bl), then t is 
not an upper bound for B and so there is a b E B such that t < b. Hence 
a(t) = f3(t). Having thus shown that a = f3 on (b1 - c, b1), continuity of 

Figure 3.2: The intervals (b1- c, b1 +c) and (b1- <5, b1 + <5) that occur in the 
proof. 
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a and (3 gives in addition that a(h) = (3(bi). By the local uniqueness of 
solutions of initial value problems, we have that a = (3 on a neighborhood 
of b1, say on (b1 - 8, b1 + 8), for some 8. We have, in total, that a = (3 on 
the intervals [to, b1- s], (b1- E, b1], and [b1, b1 + 8). Thus, if bE (b1, b1 + 8), 
then a = (3 on [to, b). Hence b E B and b > b1. This contradicts the fact 
that b1 is the least upper bound for the set B. 

With the claim verified, we have that a = (3 on [to, bo). A similar argu-
ment can be constructed for the case when A is bounded below and gives 
that a = (3 on (ao, to]. In total, we have a = (3 on (ao, bo), i.e., on In J, 
except possibly at the endpoints ao, bo, if one or both of these belong to 
In J. If a0 E In J, then continuity gives that a(ao) = f3(ao). Similarly if 
b0 E In J. This completes the proof. 0 
Exercises 3.2 

1. (Continuous Dependence on Parameters) This exercise is a good one 
for reinforcing your understanding of the proof of Theorem 3.1. It also gives 
an important generalization of that theorem. The generalization involves 
a time-dependent vector field which also depends on additional parameters 
u1, ... , Um· For example, the perturbed pendulum model in Example 1.6 has 
a time-dependent vector field X : lR x IR2 -+ IR2 given by 

X(t, B, v) = ( v, -gsin(B) + a2
2b

2 sin2 (bt) sin(2B)), 

where the parameters g, a, b are the acceleration of gravity, the string length 
(or hoop radius), and the magnitude of the oscillation about the vertical axis. 
Thus, the solutions of the corresponding system of DEs implicitly depend on 
the parameters g, a, b, and we would like to know how small variations in 
the parameters affect the corresponding solutions. For example, if b is very 
small, but nonzero, is the phase portrait for the system very "close" to the 
phase portrait shown in Figure 1.5 for the unperturbed pendulum? 

To formulate a precise result, we explicitly include the parameters in the 
domain for the vector field. Thus, assume that G is an open subset of lR x 
IRn x IRm and that X : G-+ IRn is a time- and parameter-dependent vector 
field. Then X(t, x, u) E IRn for (t, x, u) E G. A solution of the system 
x' = X(t, x, u) is, by definition, a map o:: I xU-+ IRn, where I is an interval 
and U is an open set in IRm, such that (t, o:(t, u), u) E G for all (t, u) E I xU, 
and 

8o: ot (t,u) = X(t,a(t,u),u), 

for all (t, u) E I x U. This assumes implicitly that o: is differentiable with 
respect to t. With these definitions, prove the following generalization of 
Theorem 3.1 
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Theorem 3.2 Suppose X : G -+ lRn is a time- and parameter-dependent 
vector field on G lR x ]Rn x lRm. Assume that all the partials {)Xi/ 8x1, i, j = 
1, ... , n, exist and are continuous on G. Then for each point (to, c, uo) E G, 
there exists a continuous map a : I x U -+ lRn, with t0 E I and u0 E U, 
which satisfies the initial value problem: 

x' X(t,x, u) 

x(to, uo) c, 

for all u E U. Furthermore, if 'Y : J x V-+ ]Rn is any other solution for the 
initial value problem, then there is an interval Q In J, with to E Q, and 
an open set W U n V, such that 

a(t, u) = 'Y(t, u) for every t E Q and u E W. (3.15) 

Hence any two solutions of the initial value problem agree on a neighborhood 
of to. 

Hints and Suggestions: Modify the proof of Theorem 3.1 by including a 
u in the notation, using the same constants a, r, b, K, and use the following 
set of maps for C: 

C = { f3: [to- a, to+ a] x B(uo, r')-+ B(c, r) I f3 is continuous}, 

where r' > 0 is an appropriately chosen number. 

2. (Contraction Mapping Principle) In proving Theorem 3.1, we constructed 
a set of curves C which the Picard iteration map T mapped into itself: 
T : C -+ C and on which T was a contraction. This technique, generalizes 
and abstracts to other situations and has been elevated to a basic principle in 
analysis and functional analysis. This exercise studies such a generalization. 

Definition 3.4 (Metric Spaces) A map d : M x M -+ lR on a set M is 
called a metric if 

(1) d(x, y) 0, for all x, y E M, and d(x, y) = 0 if and only if x = y. 

(2) d(x,y) = d(y,x), for all x,y EM. (Symmetry) 

(3) d(x, y) s d(x, z) + d(z, y), for all x, y, z E M. (Triangle Inequality) 

The pair (M, d), consisting of a set together with a metric on this set, is 
called a metric space. A map T : M -+ M is called a contraction if there is 
a positive constant q such that 

d(T(x),T(y)) S qd(x,y), for all x, y E M. (3.16) 

The metric d is considered as measuring the distance between points in M, 
with d(x, y) being the distance between x andy. Thus, equation (3.16) says 



92 Chapter 3. Existence and Uniqueness: The Flow Map 

that a contraction map decreases the distances between points. As with the 
Picard map, we let Tk denote the composition ofT with itself k times, i.e., 
T 2 =ToT, T 3 = ToToT, and so on. 

Relative to these concepts, suppose T : M -+ M is a contraction and do the 
following. 

(a) Suppose x is any point in M. Imitate the pertinent steps in the proof 
of Theorem 3.1 to show that 

for all positive integers k,p. 

(b) A sequence { x k} k=l in M is called a Cauchy sequence if for every c: > 0 
there is a positive integer K such that d(xk, Xm) < c:, for all k, m K. 
Use the result in part (a) to show that {Tk(x)}k=l is a Cauchy sequence 
in M for any choice of x E M. 

(c) A map f : M -+ M is called continuous if for every x E M and every 
c: > 0, there is a 8 > 0 such that d(f(x), f(y)) < c:, for every x, y with 
d( x, y) < 8. Show that f is continuous. 

(d) A sequence {xk}k=l in M is said to converge to c E M, if for every 
c: > 0 there is a K such that d(xk, c) < c:, for every k K. In this case 
we write limk-+oo Xk =c. Show that iff: M-+ M is a continuous map 
and limk-too Xk = c, then limk-+oo f(xk) = f(c). 

(e) A metric space ( M, d) is called complete if every Cauchy sequence in M 
converges to a point in M. Use parts (b)-(d) to prove the following: 

Theorem 3.3 (Contraction Mapping Principle) If T: M-+ M 
is a contraction on a complete metric space (M, d), then there is a 
unique point c E M, such that T(c) = c. Moreover, for each x E M, 
one has limk-+oo Tk(x) =c. 

The point c in the theorem is called a fixed point of T. 

3.3 Maximum Interval of Existence 
The Existence and Uniqueness Theorem above guarantees a solution defined 
on some interval of times. Here we construct a solution that is defined on 
the largest possible interval of times. 

Theorem 3.4 (Maximum Interval of Existence) Suppose X : B ---+ 
IRn is a time-dependent vector field satisfying the hypotheses of the Exis-
tence and Uniqueness Theorem 3.1. If(s,c) E B, then there exists an inter-
val I(s,c) containing s, and a curve: a(s,c) : I(s,c) ---+ IRn, which satisfies the 
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IVP: 

x' X(t, x) 
x(s) c, 

and which has the further property that if (3 : J ---+ IRn also satisfies the IVP, 
then 

J J(s,c)· 

The interval I(s,c) is called the maximum interval of existence, and the in-
tegral curve a(s,c) is the maximal integral curve passing through c at time 
s. 

Proof: Let I denote the collection of all open intervals J = (a, b) on which 
there exists a curve: (3 : J ---+ JRn, which satisfies the IVP. Note that s E J 
for all J E I. Further, let £ denote the set of numbers that are left-end 
points of some interval in I, and let R denote the set of all numbers that 
are right-end points of some interval in I. Finally, let: 

f inf{ ala E £} 
r sup{blb E R}, 

be the greatest lower bound of £ and least upper bound of R, respectively. 
Note that it is possible that f = -oo and/or r = oo. The maximum interval 
that we are looking for is then 

I(s,c) = (£, r). 

We define a curve a(s,c) on this interval as follows. Suppose t E (£, r). We 
consider two cases: 

(1) (t < s) Since f < t and f is the infimum of£, there exists an a E £ 
with a < t < s. By definition of £ there is an interval of the form 
(a, b) on which there is a solution (3: (a, b) ---+ 0 of the IVP. Note that 
since a< t <sands E (a, b), it follows that t E (a, b). So we define 

a(s,c)(t) = (3(t). 

(2) (s < t) Since t < r and r is the supremum of R, there exists an bE R 
with s < t < b. By definition of R there is an interval of the form 
(a, b) on which there is a solution (3: (a, b) ---+ 0 of the IVP. Note that 
since s < t < band s E (a, b), it follows that t E (a, b). So we define 

a(s,c)(t) = (3(t). 
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This defines a(s,c). Note that in the definition there is no ambiguity in the 
choice of a (or b) and (3 for the given t. This is so because a different choice 
1 : ( c, d) -t 0, being a solution of the same IVP, must, by the uniqueness of 
solutions, coincide with (3 on an interval about t, and therefore agree with 
(3 at t. A little thought shows that a(s,c) satisfies the IVP and that I(s,c) 

contains every interval on which a solution is defined. D 
A somewhat shorter proof of the last theorem is as follows. Let I be the 

collection of all open intervals I on which there is defined a solution of the 
IVP. Then let 

I(s,c) = U{JII E I}. 
Since I(s,c) is the union of open, connected sets with a point in common 
(namely s), it is also open and connected. A fact from basic topology says 
that the only connected subsets of lR are the intervals. Thus, I(s,c) is an 
open interval. Define a curve a(s,c) on this interval as follows. If t E I(s,c), 

then there is an interval I E I, such that t E I. By definition of I, there is 
a solution (3 of the IVP defined on I. We take 

a(s,c)(t) = (3(t). 

By the uniqueness part of the Existence and Uniqueness Theorem the choice 
of (3 (as opposed to some other solution 1 ofthe IVP defined on I) does not 
matter, and so a(s,c) is well defined. It is also easy to see that a(s,c) satisfies 
the IVP. It is clear that I(s,c) is the maximal interval on which there is 
defined a solution. 

Some vector fields are particularly important since the maximum interval 
of existence for each integral curve is as large as possible, viz., R Such vector 
fields are called complete, as the following definition explicitly records. 

Definition 3.5 Supose X : B lR x ffi.n -t ffi.n is a (time-dependent) vector 
field. X is called a complete vector field if 

I(s,c) = IR, 

for every (s,c) E B. A point (s,c) E B is called(+) complete if 

[0, 00) I(s,c). 

Similarly c is called (-) complete if 

( -oo, OJ I(s,c)· 

The point (s, c) is called complete if I(s,c) = R 
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Note that the definition includes the case when X does not depend on the 
time (i.e., is autonomous). Generally it is quite difficult, even impossible, to 
determine maximum intervals of existence and thus determine completeness 
of a vector field. The exercises here give some examples of how to compute 
I(s,c) for some simple DEs that can be solved explicitly. The next chapter 
shows how, for 1 dimensional systems, to determine maximal intervals and 
the domain for the flow. Theorem 3.8 below and Theorem B.l in Appendix 
B give some general results about completeness. 

Exerdses 3.3 
1. Determine the maximal interval existence I(s,c) for each of the following DEs 

and each of the two given initial conditions x( s) = c. Do this by solving 
the DE explicitly (show your work), choosing constants so the the initial 
condition is satisfied and then determining the largest interval on which the 
particular solution is defined. if the maximum interval is not ffi., describe how 
the solution behaves as t approaches an endpoint of the interval 

(a) Initial conditions x(O) = 2, x(O) = 1/4, and differential equation 

x' = x(1- x), 

which is a separable DE. 

(b) Initial conditions x(1) = 2, x(1/2) = 0, and differential equation 

1 - 2t x' 
cos(x)' 

which is a separable DE. 

(c) Initial conditions x(1) = 1/15, x(3) = -3/17, and differential equation 

which is a Bernoulli DE. 

(d) Initial conditions (x(O),y(O)) = (1, 1), (x(O),y(O)) = (-1, 1), and sys-
tem of differential equations 

x' x 
y' xy-1. 

3.4 The Flow Generated by a Time-Dependent Vedor 
Field 

We are now in a position to define the flow ¢ generated by time-dependent 
vector field X : B s;::; lR x ffi.n ---+ ffi.n that satisfies the hypotheses of Theorem 



96 Chapter 3. Existence and Uniqueness: The Flow Map 

3.1. From now on these hypotheses will be implicitly assumed to hold for 
all vector fields. Some texts define the flow only for autonomous vector 
fields and mention that the general case can be reduced to this, since the 
nonautonomous field X can always be extended to an autonomous one: 
X : B --+ JR X JRn, by: 

X(t, x) = (1, X(t, x)). 

While this is one way to handle the general case (see the exercises), we 
do not take this approach here for two reasons. One is that the flow '¢ 
for X is not the correct geometric object to use for the flow ¢ for X. A 
second reason is that geometric concepts connected with X on lR x JRn can 
be confusing when related back to those for X in JRn. In particular, it is not 
directly apparent how the semigroup property for autonomous vector fields 
should generalize to the nonautonomous case. Indeed, the general semigroup 
property presented below is not discussed in most textbooks on differential 
equations. 

For (s, c) E B, we let a(s,c) : I(s,c) --+ 0 denote the maximal integral 
curve of X that passes through c at time s. Thus, I(s,c) is the maximal 
interval of existence, and a(s,c) satisfies 

a(s,c)(t) = X(t, a(s,c)(t)), 

a(s,c)(s) = c. 

Vt E I(s,c) (3.18) 

We now bundle all the integral curves together, as (s, c) varies over B, to 
get the flow map. 

Definition 3.6 Let i5 be the the following subset of lR x lR x JRn: 

i5 = { (t,s,x) E lR X lR X lRn I (s,x) E B and t E I(s,x) }. 

Note that if X is a complete vector field, then I(s,x) = JR, Vx, and so i5 = 

lR x B. The flow generated by the vector field X is the map ¢ : i5 --+ ]Rn 

defined by 
cp(t, s, x) = a(s,x)(t). (3.19) 

An alternative notation, which will be convenient, is 

cf>:(x) = cp(t, s, x). (3.20) 

Here ( s, x) E B and t E I(s,x), by definition of i5. Note that since a(s,x) is a 
solution of the system, we have 

(t, cf>:(x)) E B, 

for all t E I(s,x)· 
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If we fix ( s, x) E B, then t r-t ¢:( x) is the maximal integral curve of X which 
is at x at time s. In the new notation this last condition is 

= x, (3.21) 

for all (s, x) E B. This gives the first important property of the flow map. 
There is more to the flow¢ than just the convenient relabelling implied 

by its definition in (3.19). In fact, we would now like to fix s and t and 
consider the map: x r-t ¢:(x). This requires a little preciseness about the 
domain for the x variable. For this we first introduce the following: 

Theorem 3.5 The domain D of the flow map¢ is an open set. 

We do not prove this theorem here (cf. [Di 74, p. 5]), but rather just use it 
for our purposes. 

Now take a point (to, c) E B. Then since (to, to, c) E i5 and i5 is open, 
there exists an open set U JRn with c E U, and an open interval I con-
taining to, such that 

I X I D. 

Restricting the flow map ¢ to I x I x U, we get the following construction. 
For s, t E I, we can consider the notation in (3.20) as the notation for a 

map ¢f : U ---+ JRn. Again this is just more notation, but the distinction is 
important. If you trace back through the above notation, you will find that 
a(s,x) : I(s,x) ---+ lRn is the map (or curve) you get by fixing ( s, x) in the flow 
map ¢(t,s,x), and 

a(s,x)(t) = ¢(t, s, x) = ¢f(x), 

for every x E U and s, t E I. Thus, we get a two-parameter family, 

{¢Ds,tEI, 

of maps ¢f : U ---+ ]Rn, with the property: = 1 (the identity map on U), 
for all s E I. The fact that two of these maps can sometimes be combined, 
via composition of functions, to give another map in the family, is known as 
the semigroup property. This comes from the following general result. 

Theorem 3.6 (Semigroup Property for Nonautonomous Flows) 
Suppose ¢ is the flow generated by an time-dependent vector field X : B 
lR x ]Rn---+ JRn. Suppose (s,x) E Bandt E I(s,x)· Then I(t,¢f(x)) = I(s,x) and 

= (3.22) 

for every u E I(s,x). 
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Proof: Let J = I(t,,Pf(x)) n I(s,x). Note that J is not empty since t E J. The 
two maximal integral curves G:(t,<Pnx)) and G:(s,x) have domains I(t,,Pf(x)) and 
I(s,x)' respectively, and these curves have the same initial value at timet: 

Hence by definition of the maximal intervals (see Theorem 3.4), we have 
I(t,,Pf(x)) I(s,x) and I(s,x) I(t,,Pf(x))· Hence these intervals are the same 
and thus also the respective maximal integral curves are the same: 

(3.23) 

But this identity is the same as the semigroup property (3.23) when properly 
interpreted with the established notation: 

for every u E I(s,x)· D 

To interpret the semigroup property (3.22) in terms of algebraic struc-
tures, we to the situation described prior to the theorem. With 
I xI x U D, we are guaranteed, for every x E U and every s, t E I, that 
(s,x) E Bandt E I(s,x)· Further, because = x for every x E U and 
because the flow <P : i5 -+ 1Rn is continuous, we can assume that the interval 
I is small enough so that <P: (U) U, for all s, t E I. Thus, each of the maps 
in the two-parameter family S = { <PDs,tEI maps U into itself. Hence any 
two maps in the family can be combined via composition of functions and 
in particular 

(3.24) 

for every s, t, u E I. Further, since = 1 is the identity map on U, a 
particular case of identitiy (3.24) is 

(3.25) 

for all s, t E I. Thus, each map <P: in the family Sis invertible with inverse 
(<Pl)-1 = Consequently, S would be a group (mathematically) if the 
composition operation a were a closed operation on the elements of S. While 
this is not true for any pair of elements of S, the semigroup property (3.24) 
says that certain pairs of elements of S do combine to give another element 
of S. 
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The semigroup property also has important interpretations in continuum 
mechanics, a special case of which is fluid mechanics. For such a situation, 
n = 3 and X(t, x) is interpreted as the velocity of the fluid flowing through 
the point x in a tank U at time t. For steady fluid flows this velocity does 
not change over time, but in the case where X varies with time, the flow 
through a given point varies continually. The motion of a particular portion 
the fluid therefore depends upon the time at which the observation begins. 
Thus, suppose at time s a portion W of the fluid located in a region W U 
of the tank is observed. Following the motion until time t > s , we find 
find that W has moved and deformed into the region </>f (W). From time 
t until time u > t, the fluid in the region ¢t(W) moves and deforms into 
the region By the semigroup property, this region is the same 
as and thus the time u shape and position does not depend on the 
intermediate shapes and positions, but rather only on the initial time s and 
the position and shape W . See Figure 3.3. Each of the maps ¢f : U-+ U is 

time t time s time u 

Figure 3.3: Deformation of a set W U by the flow. 

considered as a deformation of the parts W of the continuum U (or, in the 
fluid case, as a motion of the fluid in U). For a starting time s, ending t ime 
u > s, and intermediate times s < t1 < t2 < · · · < tk < u, compounding the 
corresponding deformations <Pt1 gives the overall resultant deformation 

(3.26) 

Of course, this identity holds whether the times are ordered as ment ioned 
or not, but the ordering helps focus on the concept involved. 

A further interpretation of the semigroup property is that it provides a 
rationale for studying discrete dynamical systems as being modelled by a 
sequence of iterates of a family of maps. Starting with the point c E U, a 
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first iterate ¢'t (c) gives another point in U, a second iterate ¢t ( ¢'t (c)) gives 
yet another. The semigroup property says that all three of these points lie 
on the same integral curve. Thus, for a sequence of closely spaced times, 
the discrete iterates approximate the continuous motion along an integral 
curve. Additional details of this are discussed in Exercises 2 and 3 in the 
next section. 

In the next example, we consider a planar, nonautonomous system, which 
is simple enough so that we can actually compute the formula for its flow and 
also analyze the flow lines without too much difficulty. You should realize 
that the flow is mainly a theoretical tool, since for almost all meaningful 
examples, such as the fluid flow examples in Chapters 1 and 2, the formulas 
for the flows are impossible to compute. One exception to this is for !-
dimensional dynamical systems, which are treated extensively in the next 
chapter. 

Example 3.3 Consider the following nonautonomous system in the plane: 

x' X 

t 
y' x. 

This is a rather contrived system, not representing any real physics, but 
for the reasons stated above it can serve to illustrate the theory. Thus, we 
view X(t, x, y) = (xC1, x), with domain B = { (t, x, y) E ffi.3 1 t # 0 }, as 
representing a velocity vector field for a nonsteady, planar fluid. 

Note that the y-axis, L = { ( 0, y) I y E ffi.}, is a line of fixed points (stagna-
tion points) for the system. We can find the other solutions of the system by 
solving the first equation in the system (it is a separable DE) and substitut-
ing the result in the second equation. Thus, the first equation in separated 
form is x-1dx = C 1dt and when integrated gives lnx = lnt + k. Choosing 
k so that the initial condition x( s) = c1 holds, with s and c 1 given, yields 
k = ln c1 - ln s. Substituting this for k and solving for x leads to 

t 
X=- Cl· 

s (3.27) 

The argument assumes implicitly that all the quantities are positive, but it 
is easy to see that the resulting formula actually is the solution of the initial 
value problem for any choice of c1 and any s # 0. 

Using this result gives y' = c; t, for the second DE in the system. Inte-
gration of this results in y = t2 + k. The constant k is again determined 
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from the generic initial condition: y( s) = c2 . After some minor rearrang-
ment, we find that 

(t2 82) 
Y = 28 Cl + C2. (3.28) 

Consequently, the formula for the flow is 

(3.29) 

where s-=/: 0 and t E I(s,c)· It is easy to see that I(s,c) is (-oo,O) or (O,oo) if 
s < 0 or s > 0 and cis not a fixed point. We will assume from now on that 
s > 0, and thus just analyze the flow for positive times. 

We have expressed the formula for the flow with the constants c1 to 
the right oft, which may seem to be a nonstandard order, but this makes 
verification of the semigroup property easier. Thus, direct calculation gives 

We can use the explict formula for the flow to describe the behavior 
of points and subsets of IR2 under deformation by the flow. As simple as 
this example is, this description is still somewhat complicated. Consider the 
flow as that of a fluid, and imagine dropping a small cork into the fluid at 
some point c = (q, c2 ) and observing its motion. What happens ? Well, 
that depends on the initial time s when your observation starts. Wait a few 
minutes and the path followed by c will be completely different. But with s 
fixed, the cork follows the path given by the curve: t f---+ ¢t(c). 

Assume that c is not a stagnation point, and for definiteness that s > 0. 
By eliminating the parameter t in equations (3.27)-(3.28), we see that the 
path of the cork lies on the parabola with equation 

s 2 s 
y = - X + C2 - -Cl· 

2c1 2 
(3.30) 

It is easy enough to plot by hand a number of these parabolas for various 
initial positions c of the cork. Figure 3.4 shows these curves for the case 
s = 1. Note that the paths, or flow lines, intersect each other, but this should 
not seem contradictory, since particles of the fluid traveling along different 
paths will reach the point of intersection at different times. This together 
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Figure 3.4: The possible trajectories of a cork for various choices of initial 
positions c and choice of initial time s = 1. 

with the parabolic shape of the flow lines can also be better understood by 
considering the behavior of the velocity vector field X = ( xC 1, x), that is 
generating the flow. 

At any instant t > 0 in time, X has the same direction, namely (t-1 , 1), 
at every point, but this direction changes continually and tends to a vertical 
direction (0, 1), as t --+ oo. Thus, the longer we wait before dropping the 
cork in the tank, the more vertical will be its path of flow. 

It is also instructive to examine how the flow deforms subsets W of JR2 , 

that is, how ¢: (W) changes over time. This again depends on the initial 
time 8 when the observation starts. Figure 3.5 shows this for a particular 
square W and two initial observation times: 8 1 = 0.2 and 82 = 1. 

Exerdses 3.4 
1. For the nonautonomous, planar systems 

(a) 

x' C !tt2) x 

y' 3x, 

(b) 
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3 3 

2 2 

flow lines --+--

w 
2 3 4 5 

Figure 3.5: Deformation of a square W under the flow. The deformation 
depends on the time s at which the observation begins. The deformation on 
the left begins at time s = 0.2, while the one on the right begins at s = 1. 

do the following. 

(a) Find an explicit formula for the flow map and use it to directly verify 
the semigroup property of the flow. 

(b) For a selected initial time s, use a computer to draw the flow lines 
t t-+ ¢nc) for number of different initial points c. Use your judgement 
here since you will be graded on how well your drawing represents the 
nature of the flow. Mark directions on the flow lines and annotate t he 
drawing to make it easy to read. 

(c) Select four suitable points that are the vertices of a square and use a 
computer to study the deformation of the square under the flow. Do 
this for two suitable initial times s1 and s2 and same time duration for 
each. 

2. You might wonder whether it is possible to do without two t ime parameters 
s, t in the flow ¢:. The answer to this is both yes and no. The next section 
shows that for autonomous systems, the flow is best expressed with only 
one time parameter. However, for nonautonmous flows, we believe that the 
two-parameter version is the best: it is the most natural, convenient, and 
unrestricted way of expressing the complex nature of the non-autonmous flow. 
However, if you are willing to accept restrictions and loss of information, you 
can do the following. 

With great loss of generality, you can assume that all initial value problems 
have a canonical start ing time, say time 0. To see this suppose that X : 
B s;; IR_n+l -+ IR.n is a nonautonomous vector field and (t*, c) E B. Since 
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B is open, there is an open interval L = (r1 , r 2 ) containing t*, and an open 
set 0 Rn, containing c, such that L x 0 B. Restricting X to L x 0, 
consider an IVP with arbitrary starting time to E L: 

x' 
x(to) 

X(t, x) 
c. 

(3.31) 
(3.32) 

Let M = L- to = (r1 -to, r2 -to) and define Y M x 0 --+ Rn by 
Y(s, y) = X(s-t0 , y) for (s, y) EM x 0. Show that each solution (3: J--+ Rn 
of the IVP 

y' Y(s, y) 
y(O) c, 

determines a solution o: of the IVP (3.31 )-(3.32), and conversely each solution 
o: of the first IVP gives rise to a solution (3 of the second IVP. 
This result allows one to use 0 as the canonical starting time in the two-
parameter flow To see how restrictive this is, you might want to look at 
Example 4.5 in the next chapter. 

3.5 The Flow for Autonomous Systems 

Suppose now that X : 0 --+ Rn is autonomous and let ¢ : i5 --+ Rn be the flow 
for X as defined in the previous section. Because of the time independence 
of X, the flow has additional properties and we can specialize it to a more 
useful map. These additional properties arise from the following elementary 
observation. 

Proposition 3.1 (Time Translational Symmetry) If a : J --+ Rn is an 
integral curve for an autonomous vector field X, then for any to E J, the 
curve {3 : J - to --+ Rn, defined by 

f3(t) = a(t +to), 

fort E J- to, is also an integral curve of X. 

Proof: This is easy to prove, and indeed is an exercise in Chapter 1. 

Corollary 3.2 For an autonomous vector field X : 0 --+ Rn, the maximal 
intervals I(s,c) and integral curves a(s,c) : J(s,c) --+ Rn, for s E R and c E 0, 
satisfy the relations 

Ico,c) + s, 
a(o,c)(t- s), Vt E I(s,c)· 

(3.33) 

(3.34) 
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Consequently, the flow ¢ for X satisfies 

(3.35) 

for all t E I(s,c). 

Proof: By the proposition, the curve (3 defined by 

f3(t) = O:(s,c)(t + s), 

fort E J(s,c)- s, is an integral curve of X. Further, (3(0) = a(s,c)(s) = c, 
and consequently (3 satisfies the same initial value problem as a(o,c). Hence, 
by maximality, I(s,c) - s I(o,c) and f3 = a(o,c) on I(s,c) - s. 

In a similar fashion, the curve 'Y defined by 

'Y(t) = a(o,c)(t- s), 

fortE I(o,c) +s, is an integral curve satisfying the same initial value problem 
as O:(s,c)· Hence, by maximality, I(o,c) + s I(s,c) and"'(= a(s,c) on I(o,c) + s. 

Putting both parts together gives the results of the corollary. 0 

Property (3.35) says that the flow only depends on the difference 
t- s of the two times s and t, i.e., on the amount of time elapsed between 
these two times. For this reason, in the autonomous case, the flow reduces 
from a dependence on two parameters to a depepndence on only one param-
eter. We can thus revise the notation and redefine the domain of the flow 
map as follows. 

Definition 3.7 (The Flow for Autonomous Systems) Let X : 0 ---+ 
1Rn be a vector field on 0 1Rn. We choose 0 E lR as the standard initial 
time and, for x E 0 let Ix = I(o,x) and ax = a(o,x) denote the maximal 
interval and integral curve that passes through x at time 0. Let 1J be the 
following subset of lR x :!Rn: 

Note that if X is a complete vector field, then: Ix = IR, Vx, and so 1J = IRx 0. 

The flow ¢ : i5 ---+ 1Rn defined previously in general can now be reduced 
to map ¢ : 1) ---+ 1Rn. We use the same notation ¢ for this map (hopefully 
with no confusion). The flow generated by an autonomous vector field X is 
the map defined by 

<Pt(x) = ). (3.36) 
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We also use the notation ¢(t, x) = c/Jt(x). Viewing the integral curves of 
X as tracing out paths in 0 as time moves in the positive direction, we 
interpret (3.36) as saying that the integral curve that starts at x at time 0, 
is at ¢(t, x) at timet. 

The semigroup property discussed above now specializes to the following. 

Theorem 3. 7 ( Semigroup Property for Autonomous Systems) 
Suppose ¢ is the flow generated by an autonomous vector field on 0 and 
xEO. IftEix andsEI<Pt(x)' thens+tEix and 

(3.37) 

The proof of the theorem is left as an exercise. 

To interpret what the theorem says, we restrict ¢ to a product neighbor-
hood I D, with I= (to- a, to+ a). Note that Ix for all x E U. 
By continuity of ¢, we can choose a small enough so that c/Jt(U) U, for 
every t E I. Then 

constitutes a one parameter family of maps: c/Jt : U U. The parameter 
is the time t. The semigroup property (3.37) now reads more simply as: If 
x E U and s, t, s + t E I, then ¢s(¢t(x)) = ¢s+t(x). A better way to put this 
is in terms of composition of maps: 

(3.38) 

for every s, t E I for which s + t E I. This last proviso about s + t being 
in I is what restricts the family (or set) { c/JthEI from being a group. The 
semigroup operation is composition o of maps, and propertry (3.38) is just 
the closure property of o. Note that 

¢o =I, 

the identity transformation on U is the identity element of the semigroup. 
Also if t E I, then 

c/Jtoc/J-t = c/Jt-t = ¢o =I, 

and so c/J-t is the inverse of the transformation ¢t· In symbols: 
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In the case when X is a complete vector field, we can take U = 0, I = JR, 
and get that { <Pt} tElR is actually a group: a one-parameter group of invertible 
transformations. 

Besides having a special semigroup property, autonomous vector fields 
X have many other special features. The following theorem gives some 
information on completeness of X and is useful in other regards too. 

Theorem 3.8 Suppose X : 0 --+ JRn is a C1 vector field on 0 and that 
c E 0. Let the Ie = (ae, be)· If the forward flow through c remains in a 
compact, convex set M 0, i.e., if 

</Jt(c) E M, Vt E [0, be), 

then be= oo. Likewise If the backward flow through c remains in a compact, 
convex set M 0, i.e., if 

</Jt(c) E M, 

then ae = -oo. Hence if <Pt(c) E M for all t E Ie, then Ie = JR, i.e., c is a 
complete point if the entire forward and backward flow remains in a compact 
convex set. 

Proof: As in the proof of Theorem 3.1, we use the .�1 norm llxll for x E JRn 
and we choose a constant K > 0 such that 

IIX(x)ll < K 

IIX(x)- X(y)ll < Kllx- Yll, 
(3.39) 

(3.40) 

for all x, y E M. This relies on the compactness and convexity of M. We 
just prove the first part of the theorem which assumes that <Pt(c) E M for 
all t E [0, be)· We suppose be < oo and get a contradiction as follows. 

Recall the notation: ae(t) = <Pt(c), which will be convenient to use here. 
If t1 < t2 E Ie, then since ae is an integral curve, it satisfies 

fori= 1, 2. Thus, from inequality (3.39) we get 
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Now let { tk}k::1 be a sequence in Ie that converges to be. Applying the last 
inequality above gives 

for all k, m. Thus, { ae(tk)}k::1 is a Cauchy sequence in the compact set M 
and so converges to a point p E M. 

Let ,6: J -t 0 be a solution of the initial-value problem x' = X(x), x(be) = 
p, with, say, J =(be- r, be+ r). Then we have 

ae(t) c +lot X(ae(s)) ds, 

,B(t) - p + r X(,B(s)) ds, 
}be 

Note also that p = c+ J;e X(ae(s)) ds. Thus, if we define "f: (ae, be+r) -t 0 
by 

(t) _ { ae(t) 
"' - ,B(t) 

if t E (ae, be) 
if t E [be, be + r), 

then "' is continuous. Furthermore, we claim that "' satisfies the initial value 
problem: x' = X(x), x(O) =c. To see this we check the integral version of 
the IVP. 

First suppose ae < t < be. Then 

c +lot X("t(s )) ds = c +lot X( ae(s)) ds = ae(t) = "f(t). 

On the other hand, if be t < be + r then 

c +lot X("f(s)) ds = lobe 1t c + X("t(s)) ds + X("t(s)) ds 
0 be 

lobe 1t c + X(ae(s)) ds + X(,B(s)) ds 
0 be 

p + [t X(,B(s)) ds = ,B(t) = "t(t). 
}be 

This shows that "f is a solution of the IVP: x' = X(x), x(O) = c, and so 
its interval of definition ( ae, be + r) is contained in the maximal interval of 
existence Ie = (ae, be)· This is a contradiction ! 0 
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Exerdses 3.5 

1. Prove Theorem 3.7. Hint: Use Theorem 3.6 for the general nonautonomous 
flow and be careful with the notation. For example, the first part of Theorem 
3.6 says that for any time t1, if t2 E I(t 1 ,x) (i.e., if t 2 - t1 E I(o,x)> because 
(3.33) holds in the present setting), then 

Hence (in the present setting) it follows that if t 3 is a time such that t 3 - t2 E 

I(o,q,, 2 _, 1 (x))• then t3- t1 E I(o,x)· 

2. (Discrete Dynamical Systems, Part I) There is a area of mathematical 
study, called discrete dynamical systems, which is closely related to the study 
of systems of differential equations and which, even though the idea originated 
with Poincare a century ago, has only within the last two decades received 
widespread attention and popularity, primarily because of the advent of the 
personal computer. This exercise and the next give a brief introduction to 
this topic. The CD-ROM has much additional material, theory, and exercises 
(see CDChapter 3), but this can only give you a glimpse extensive number 
of results, computer studies, and theorems arising from the study of discrete 
dynamical systems. See the texts [Rob 95], [Dev 86], [CE 83], [Mar 92] for 
more details. 

The motivation behind discrete dynamical systems comes from the flow map 
and its semigroup property. Consider the autonomous case where ¢ is the 
flow for a vector field X : 0 ffi.n -+ ffi.n. To make the discussion simple, 
suppose that X is complete, so that the domain for the flow map is V = lR x 0, 
and hence the flow ¢ : lR x 0 -+ 0 gives a 1-parameter group { ¢t} tElR of 
maps ¢t : 0 -+ 0. The dynamics of the system of differential equations is 
controlled by this group in the sense that t H ¢t(c) gives the continuous 
motion of each c E 0. Instead of the continuous motion of c under the flow, 
we can look at its positions: 

... ' 

at a discrete set of times 0, T, 2T, 3T, .. . , where T is fixed (small) positive 
number. By the semigroup property of the flow, the position of c at time 
t = kT is given by a composition of maps: 

i.e., repeated application of the map ¢T gives the position of c at time t. 
Here, as in the discussion of Picard iterates, we use the customary notation 
for the repeated composition of a map with itself: If f : S -+ S is any map, 
let 

fk = f 0 f 0 ••• 0 J, 
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denote the composition of f with itself k times. For example, P = f of and 
P=fofof. 
Thus, for a small increment T of time, we can replace the continuous dynamics 
of the flow with the discrete dynamics of the map 

We would expect that studying how points c E 0 behave under repeated 
applications off would in some sense be similar to studying the true dynamics 
of the flow. 
Abstracting from the the above motivational discussion, this exercise studies 
several particular maps f of a set into itself. There are a few initial concepts 
comprising this study that are most natural and defined as follows. 

Definition 3.8 A discrete dynamical system is a map f: S--+ S, of a setS 
into itself. The forward orbit of a point c under f is the set of points: 

o+(c) = { Jk(c) 1 k = o, 1, 2, ... }. 

If f is 1-1 and onto, then we let J-k = f-1 o f- 1 o · · · o f- 1, denote the 
composition of the inverse f- 1 with itself k times. Then the backward orbit 
of c under f makes sense and is defined as 

o-(c) = { J-k(c) 1 k = o, 1, 2, ... }. 

A fixed point off is a point c E S such that f(c) =c. A periodic point off is 
a point c E S such that Jk(c) = c for some positive integer k. The period of 
a periodic point is the least positive integer p such that JP(c) =c. A point 
c E S is called eventually periodic if there is a positive integer k such that 
Jk(c) is a periodic point of f. 

It is clear that a periodic point c has orbit o+(c) consisting of p points, 
where p is the period of c, and this orbit corresponds to the notion of a 
closed integral curve for a system of DEs. An eventually periodic point c 
has orbit o+(c) consisting of a finite number of points and corresponds to 
an integral curve of a DE that aymptotically approaches a limit cycle of the 
DE. 

If we let Xk = Jk(c), k = 0, 1, 2, ... , denote the sequence of iterates of c under 
the map f, then this sequence is a solution of the basic and most simplistic 
of all iteration schemes 

(k = 1,2, ,3, ... ), 

and satisfies the initial condition x 0 = c. This gives us another interpretation 
discrete dynamical systems and their analogy with systems of differential 
equations. 
For the particular study in this exercise, consider the following maps: 
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(a) The logistic map f : ---+ given by 

f(x) = rx(l- x), 

where r > 0 is a parameter. 

(b) A cubic map f : ---+ given by 

f(x) = rx(l- x)(2- x), 

where r > 0 is a parameter. 

(c) The Henon map f: given by 

f ( x, y) = ( r - qy - x2 , x ) , 

where r and q are parameters. 

For each of the maps assigned for study, do the following: 

1. Find all the fixed points. 

2. Read the material on the Maple worksheets, referenced by CDChapter 
3 on the CD-ROM and work the exercises shown there. The CD-ROM 
contains some special Maple code for visualizing discrete dynamics in 
one and two dimensions. Using this and the discussion there, you will be 
able to experimentally discover periodic and eventually periodic points 
for f and look at how the dynamics change when the parameters r and 
q change. 

3. (Discrete Dynamical Systems, Part II) In this exercise, we generalize 
the discussion of discrete dynamical systems in the last exercise to obtain 
the discrete analog of a nonautonomous system of differential equations x' = 
X(t, x). Since the vector field X depends on the time, it is natural to obtain 
the discrete analog by allowing the map f in the iteration scheme to depend 
on the time step k. Thus, the scheme has the form 

(k=1,2,,3, ... ). 

So formally we define the concept by 

Definition 3.9 A nonautonomous, discrete dynamical system is a sequence 
{fk}k=l of maps fk : S---+ S of a set S into itself. 

This can also be motivated by the analogy with the flow ¢ generated by a 
time-dependent vector field. With the appropriate restrictions, the flow gives 
a two parameter family { <Pn of maps ¢f : 0 ---+ 0, which has the semigroup 
property 

o</J: = 
Then, relative to a starting time s, the continuous dynamics of each point 
c E 0 is given by its flow line: t H ¢l(c). To make the motion discrete, 
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suppose Tis a (small) positive number. Then by the semigroup property, we 
see that the position of c at time t = kT is 

""-0 ( ) _ ""-(k-l)r ""-(k-2)r . . . ""-0 ( ) 
'f'kr C - 'f'kr 0 0 0 'f'r C · 

Thus, the discrete dynamics is expressed by iterations: 

of the sequence of maps fk : 0---+ 0, defined by 

f = ""-(k-l)r 
k- 'f'kr . 

It is instructive to note that when X does not depend on the time, the flow 
map¢ has the property: ¢'t = ¢Ls, and so fk = = ¢n for every k. Thus, 
the discrete dynamical system reduces to the autonomous one discussed in 
the previous exercise. 

In this exercise you are to study the following nonautonomous, discrete dy-
namical systems. 

(a) A sequence of logistic maps fk : lR---+ IR, given by 

fk(x) = rk x(l- x), 

where {rk}ze'=1 is a sequence of positive numbers. 

(b) A sequence of cubic maps fk : lR ---+ IR, given by 

fk(x) = rk x(l- x)(2- x), 

where {rk}ze'=1 is a sequence of positive numbers. 

(c) A sequence of Henon maps fk: IR2 ---+ IR2 , given by 

where { rk} zo=l and { qk} Z"=l are sequences of numbers. 

For each of the maps assigned to you for study, read the material on the 
Maple worksheets referenced by CDChapter 3 on the CD-ROM and use the 
special-purpose software to complete the exercises on the worksheet. 

3.6 Summary 
The most important concept discussed in this chapter is that of the flow 
(or flow map) ¢ generated by a vector field X. This geometrical concept 
can be thought of as the expression for the general solution of the system of 
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differential equations associated with X -it contains the maximal integral 
curves for all initial value problems. 

For an autonomous vector field X : 0 --+ the flow is a map: 
cp: D--+ defined on the open set D = {(t,x) E x 0} in 

x and has the properties 

8¢ 
at (t,x) 
¢(0,x) 

¢(s, ¢(t, x)) 

X(¢(t, x)), 

x, 
¢(s+t,x), 

for all t E Ix 

for all x E 0 
for all t E Ix and s E {p(t,x)· 

A further concept introduced in the chapter is the notion of using iterates 
of a map to prove existence of a desired result. In our case, this map was 
the Picard map T : C --+ C and its iterates converge to the local solution of 
the initial value problem. This concept has been abstracted to many other 
situations and has become extremely useful in mathematics. Depending on 
your course of study, you might encounter this idea in other places in this 
book, for example, in the proof of the stability of periodic solutions (Chapter 
7) and proof of the Hartman-Grobman Linearization Theorem (Appendix 
B). 


