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Chapter 1 

lntrodudion 

This book is about the study of systems of differential equations (DEs), or 
more precisely, systems of 1st-order ordinary differential equations. As we 
shall see, any higher-order system of differential equations can be reduced 
to a 1st-order system and thus the study of first-order systems suffices for 
the general theory. Many systems of differential equations model the motion 
of something, and for this reason systems of DEs are often referred to as 
dynamical systems. 

The purpose of this introduction is not only to present a number of ex-
amples which serve to illustrate the main concepts and ideas involved in the 
study of dynamical systems, but also to give some of the initial mathemati-
cal definitions for these concepts. Do not be concerned with the complexity 
of some of these examples or the physics behind them. We will return to 
these examples at various places later in the text and study them in greater 
detail. For now, just read and get an overview of what dynamical systems 
are (if you do not already have experience with them from elsewhere). 

1.1 Examples of Dynamical Systems 

All of the examples presented here arise in either fluid mechanics or Newto-
nian mechanics, two areas that provide a rich supply of dynamical systems. 
The examples are further discussed and elaborated on the accompanying 
CD-ROM. 

Example 1.1 (A Row of Vortices) Our first example comes from fluid 
mechanics and consists of a system of two equations 
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x' 
sinh(21ry) 
M(x,y) 

(1.1) 

y' 
- sin(21rx) 

M(x,y) ' 
(1.2) 

where the function M in the denominators is 

M(x, y) = cosh(21ry)- cos(21rx). 

In this system there are two unknown functions x = x(t) andy= y(t), each 
being a function of t (the time), and the prime f stands for the derivative 
x' = dxjdt. A solution of the system (1.1)-(1.2) consists of a pair offunctions 
x, y which satisfy the equations simultaneously. Any such solution can be 
thought of as a (parametrized) curve 

a(t) = (x(t),y(t)) 

in the x-y plane (i.e., in the 2-dimensional space ffi?). The CD-ROM provides 
some review material on curves in the plane (as a is here), curves in space, 
i.e., in ffi.3 , and more generally curves in ffi.n. 

This particular system of DEs provides a model of a planar fluid flow past 
a row of vortices, with any particular solution a representing a streamline 
in the flow, i.e., the path a particular particle of the fluid would take as it is 
carried along by the overall motion of the fluid. Thus, a'(t) = (x'(t), y'(t)) 
represents the velocity of the fluid particle at time t and the system (1.1 )-
(1.2) is interpreted as saying that the velocity at any point and any time 
should match the given expressions on the right hand sides of these equa-
tions. Figure 1.1 shows the plots of 47 different streamlines (solutions a of 
the system). Three (of the infinitely many) vortices are shown with cen-
ters on the x-axis at ( -1, 0), (0, 0), and (1, 0). These points are three of 
the points where the denominators in the system are zero, i.e., points (x, y) 
where 

M(x, y) = cosh(21ry)- cos(21rx) = 0. 

Thus, the set of vortex centers is C = {(k,O)Ik E Z} and the system (1.1)-
(1.2) is only defined on the open set 0 = JR2 \ C of the plane. 

Each vortex is comprised of all the circular-like streamlines (closed curves 
or orbits) that are concentric with the center. The speed along each orbit 
is greater the closer the orbit is to the center and is theoretically an infinite 
speed at the center of the vortex (where the system is no longer defined). 



1.1. Examples of Dynamical Systems 3 

fuedpoint 

vortex center 

Figure 1.1: Solution curves of the system (1.1)-(1.2) which represents a fluid 
flow past a row of vortices. 

The other streamlines, which are not part o f a vortex, flow from left to right 
(above the vortices) or from right to left (below the vort ices) . The farther 
one of these streamlines is from the row of vortices the more it approximates 
flow along a straight line with uniform speed. 

It is important to note the system (1.1)-(1.2) has some solutions of a 
very special and simple type. Such a solut ion is one w here t he position of 
the fluid particle is constant in time and therefore the solution "curve" is 
actually just a point. This is known as a fixed point for a dynamical system, 
in general, and for this example is known as a stagnation point. Here the 
system (1.1)-(1.2) has infinitely many fixed points (four of which are shown 
in Figure 1.1) and these points occur where t he velocity is zero, i.e., at points 
(x, y) which satisfy t he a lgebraic system of equations 

sinh(21ry) 
M(x,y) 

- sin(27rx) 

M(x,y) 

0 

= 0. 

This system is easily solved to give { ( (2k + 1) /2, 0) lk E Z} as the set of fixed 
points (stagnation points). Note that t he set of vortex centers Cis not part 
of the set of fixed points since the system is not defined t here. 

Example 1.2 (Karmen Vortex Sheet) A sightly more complicated sys-
tem than the last one, but one with solut ion curves which are more inter-
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y 

Figure 1.2: Solution curves of the system (1.3)-(1.4) which represents a fluid 
flow past two rows of vortices with opposite circulations. 

esting is 

x' = 
sinh(21r(y- c)) sinh(21r(y +c)) 

AJ(x,y) !V(x,y) 

y' sin(27rx) sin(27r(x-
- AJ(x,y) + !V(x,y) · 

Here the functions in the denominators are 

AJ(x, y) -
!V(x, y) 

cosh(21r(y - c)) - cos(21rx) 

cosh(21r(y +c))- cos(27r(x-

(1.3) 

(1.4) 

(1.5) 

(1.6) 

The solution curves of this system again represent the streamlines in a planar 
fluid flow that contains two rows of vortices with opposite circulation in each 
row. Figure 1.2 shows 24 of these curves. In this example, as the figure 
appears to indicate, there are no fixed points of the flow. 

Example 1.3 (Heat Flow in a Cube) This example deals with a system 
of three differential equations, 

x' b sin(21rx) cos(27ry) sinh(2J21l' z ) 
y' = bcos(21rx) sin(27ry) sinh(2J21rz) (1.7) 

z' -1- J2bcos(27rx) cos(21ry) cosh(2J21rz) 



1.1. Examples of Dynamical Systems 5 

where b = 21f/ sinh(2J21f). This system describes the flow of heat in a 
unit cube U = [0, 1] x [0, 1] x [0, 1], and for this reason we restrict attention 
to solution curves a(t) = (x(t), y(t), z(t)) which lie in U, even though the 
system (1. 7) is defined on all of JR3 . Visualizing a curve in three dimensional 
space can be difficult, especially if the curve is complicated, and visualizing 
a number of them simultaneously can be even more confusing. Thus, it helps 
to know something about what to expect. 

Without going into all the details of the heat problem here, we just 
mention that the system arises from a certain distribution S of temperatures 
in the cube. Thus, S(x, y, z) gives the temperature at the point (x, y, z). The 
heat flux vector field is -\JS, and -\JS(x,y,z) is the direction of greatest 
decrease in S at the point (x, y, z). The theory is that the heat flows in 
this direction at each point and thus the heat flow lines are curves a(t) = 
(x(t),y(t),z(t)) that satisfy a'(t) = -\JS(a(t)). In terms of components 
this is the system of DEs: 

x' 
y' 
z' 

-Sx(x, y, z) 
-Sy(x, y, z) 
-Sz(x, y, z). 

(1.8) 

(1.9) 

(1.10) 

This system of DEs results in the particular system (1.7) when the temper-
ature function is 

S(x, y, z) = z + ( cos(21rx) cos(21ry) sinh(2J21rz)) / sinh(2J21f). 

The function S is the solution of the partial differential equation Sxx + 
Syy + Bzz = 0 and also satisfies certain conditions on the boundary of the 
cube. In this example, these conditions are the following: the vertical sides 
are insulated, the bottom is held at 0 degrees, and the top is held at a 
temperature that is S(x, y, 1) = 1 + cos(21rx) cos(27ry) degrees at the point 
(1, x, y) on the top. Note that the distribution of temperatures across the 
top of the cube varies from 0 to 2 degrees (in a rather complicated way) and 
the distribution on the bottom is a constant 0 degrees. Using the principle 
that heat flows from hot to cold, we expect that some of the heat flow lines 
that start on the top of the cube will end up on the bottom of the cube. 
By judiciously choosing some starting points on the top and plotting the 
solution curves of the system (1. 7) that start at these points, we get the 
picture shown in Figure 1.3. Note that the system in this example has no 
fixed points and that it has three solutions which are straight lines (exercise). 

Example 1.4 (The Two-Body Problem) One of the oldest examples of 
a dynamical system is the two-body system: two bodies with masses m1, m2, 
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straight line solution curves 

Figure 1.3: Heat flow lines in a unit cube which arise as solutions of the 
system (1.7). 

attract each other mutually with the force of attraction along the line joining 
the bodies and of magnitude reciprocally as the square of the distance. In 
terms of Newton's second law of dynamics (mass x acceleration= forces) , 
the model for this system is 

= r2)/rf2 

(1.11) 

(1.12) 

This is actually a second-order system of DEs written in vector form. Here 

r1(t) (xi(t) ,yi(t), z i(t)) 

r2(t) (x2(t), Y2(t), z2 (t)), 

are the position vectors for the two bodies, and for convenience we've used 
the notation 

for the distance between the bodies at time t. For the sake of comparison, 
we can write the two-body system (1.11)-(1.12) as a system of 12 first-order 
DEs: 
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U! 
I 

Y1 V! 

W! 
I x2 U2 
I 

Y2 V2 
W2 (1.13) 

Gm2(x2- x1)/rr2 
I 

vl Gm2(Y2- y1)/rr2 
Gm2(z2- z1)/rr2 

Gm1(x1- x2)/rr2 
I v2 Gm1(Y1- y2)/rr2 

Gm1(z1- z2)/rr2 

In addition to the six unknown functions Xi, Yi, Zi, i = 1, 2, the above system 
involves the six functions Ui, vi, Wi, i = 1, 2, which you recognize (via the 
first six DEs in the system) as the components of the velocity vectors for 
the two bodies: 

This system (1.13) of 1st-order scalar DEs is not as convenient as the 2nd-
order vector form (1.11)-(1.12), but exhibits a general technique for reducing 
higher order systems to 1st-order systems (introduce extra unknown func-
tions !). A solution of the first-order system (1.13) is a curve in the 12-
dimensional space: x of positions and velocities. Thus, a has 
the form 

fort in some interval I. More precisely, since r12 cannot be zero on the right 
side of the two-body system system (1.13), each solution curve lies in the 
12-dimensional submanifold 0 of IR12 defined by: 

() = u X JR6 , 

where U = { (r1, r2) I r1 =J. r2 }. This space 0 is known as the phase space for 
the two body dynamical system. While we cannot visualize (except possibly 
mentally) the graph of solution curve in this 12-dimensional phase space 0, 
it is nevertheless a useful theoretical notion. By using projections, or in this 
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special case, center of mass coordinates, we can get around this visualization 
limitation and plot the orbits of the two bodies relative to the center of mass. 
We will look at the details for this later. 

By analogy with the two-body system, the space 0 = IR2 \ C for the 
row of vortices example and the space 0 = U for the heat flow in a cube 
example are also called the phase spaces for those dynamical systems, even 
though historically the term phase space referred to spaces of positions and 
velocities (or positions and momenta). 

Example 1.5 (Pendulum/Ball in a Hoop) An example from mechan-
ics that is considerably simpler than the two-body problem (and which you 
might have studied as an undergraduate) is the motion of a pendulum. A 
weight is suspended from a point with a string and the motion of the weight, 
as it swings back and forth, is modelled by the second-order DE: 

(}" = -k sin((}), 

where(}= (}(t) is the angle, at timet, that the string makes with the vertical. 
See Figure 1.4. As in the two body problem, if we introduce the velocity 
v = (}' (which is actually the angular velocity), then it's easy to see that the 
above 2nd-order DE can be written as the following 1st-order system 

(}' = v 
v' -ksin(e). 

(1.14) 

(1.15) 

The phase space here is the whole plane 0 = IR2 , and while this makes sense 
mathematically, several comments are necessary for the physical interpre-
tation. First, the angle (} E lR describing the position of the weight must 

stable equilibrium point 

Figure 1.4: Motion of a ball enclosed in a hollow, circular tube (a hoop). 
Under the force of gravity only, the hoop constrains the motion to being 
along the prescribed circular path. 



1.1. Examples of Dynamical Systems 9 

be interpreted in terms of its related angle in the interval [0, 21r]. Thus, for 
example, e = 0, 21r, 47r, . .. all refer to the position where the weight hangs 
vertically (straight down). Second, the physical apparatus of a weight sus-
pended by a string does not correspond to the full phase space. For example, 
if the weight is displaced to position e = 37r / 4 and released from rest, it will 
temporarily fall straight down before the slack in the string is taken up. 
Then the above DE fails to model the actual motion. Thus, it is best to 
revise the physical apparatus to one consisting of a hollow, circular tube, in 
a vertical plane, with a ball rolling around inside, i.e. , a ball in a hoop (see 
Figure 1.4). The ball in the hoop (or pendulum) is one example of what is 
known as constrained motion which we will study later in Chapter 10. 

By plotting a sufficient number of solution curves, a(t) = (O(t), v(t)), 
of the system (1.14)-(1.15), we obtain an overall picture, or portrait, of the 
behavior of the ball in the hoop under various initial conditions. This is 
known as the phase portrait for the system. The phase portrait for this 
example is shown in Figure 1.5. As you can see, this phase portrait appears 

Figure 1.5: Phase portrait for the system (1.14)-(1.15) , which models the 
constrained motion of a ball in a circular hoop (pendulum model) 

similar to the one for the row of vortices in Figure 1.1, but has important 
differences. Here the closed curves (orbits) correspond to motions of the 
ball where it oscillates periodically, back and forth, about the the low point 
in the hoop, which is the stable, equilibriuum point. This physical point 
corresponds to a set C = { ( 2k7r, 0) I k E Z} in the phase space and is a set 
of fixed points for the system. Each point in C corresponds to an initial 
condition where the ball is placed at the low point in the hoop and released 
with no angular velocity. Thus, obviously the ball remains st ationary (fixed). 
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The points in C are also the centers for the various sets of closed orbits. By 
contrast, in the example for the row of vortices, the centers for the closed 
orbits are not fixed points and indeed the system is not even defined at 
these points. The set {((2k + 1)'7r,O)Ik E Z} corresponds to the high point 
on the hoop, which is an unstable, fixed point, since small displacements 
of the ball from this point result in motions that take it far away from the 
summit. The wavy, nonclosed, solution curves (shown above and below the 
orbital solution curves) correspond to motions where the ball has enough 
initial energy (potential and kinetic) to cycle perpetually around the hoop. 
The solution curves that divide, or separate, the orbital and wavy solution 
curves are known as separatrices for the system. 

Example 1.6 (Perturbed Pendulum/Ball in a Hoop) One more ex-
ample, whose many interesting properties we will explore later, is the model 
obtained by perturbing the motion of the ball in the hoop from the last 
example. One way to do this is to have the hoop oscillate periodically about 
its vertical axis as shown in Figure 1.6. Suppose the hoop has radius 1 

Figure 1.6: A ball rolling in an oscillating hoop. 

and is initially in the vertical x-z plane and oscillates between angular dis-
placements of w = ±a, with frequency b. The position of the ball on the 
hoop is again determined by the angular position function () = ()(t), with 
() = 0 corresponding to the position (0, 0, -1) on the axis of oscillation. The 
differential equation for () (which we will derive in Chapter 10) is 

()" = - gsin(e) + sin2 (bt) sin(2e). (1.16) 

Here g is the acceleration of gravity near the earth's surface. If we again 
introduce v = ()' for the angular velocity, then the second-order DE (1.16) , 
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can be written as the following 1st-order system for unknowns e' v 

e' v 

v' 

11 

(1.17) 

(1.18) 

One aspect of this system that is different from the systems considered 
above is that the right side of the system (1.17)-(1.18) explicitly involves 
the time t. For this reason this system is called nonautonomous or time-
dependent. The five previous systems we have considered are autonomous 
or time-independent systems. Figure 1. 7 shows the plot of just one integral 
curve a(t) = (B(t), v(t)) of this system in the B-v plane from times t = 0 
to t = 40.5. The parameter values g = 1, a = 1, b = 2 were used when 

Figure 1.7: Plot of a single integral curve for the perturbed ball on the hoop 
model with initial condition (B(O), B'(O)) = (0, 0.5). 

producing this figure. Thus, the hoop oscillates with period 1r between 
angular displacements w = ±1 (radians) from the x-z plane. The integral 
curve shown in Figure 1. 7 describes how the angular position and velocity 
change over time for a ball initially placed at the low point in the hoop and 
given and initial angular velocity of 0.5. Note that the curve crosses itself 
several times (this happens for nonautonomous systems, but cannot occur 
for autonomous ones) and does not appear to be periodic (so the ball never 
returns to the same position with exactly the same velocity). 

The erratic behavior of the ball in the hoop is more easily analyzed by 
converting the nonautonomous system to an autonomous one. This requires 
introducing an additional dimension and is a technique that works in general. 
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The conversion amounts to introducing an additional function, r(t) = t, to 
hide the time dependence and also adding an equation for T to the system. 
In this example the resulting autonomous system is 

()' v (1.19) 

v' -gsin((J) + a:b2 sin2 (br) sin(2()). 

Of course, this additional equation just says that r(t) = t + c for some con-
stant c. So in a certain sense (which can be made precise) the autonomous 
system (1.19) is equivalent to the nonautonomous system (1.17)-(1.18) (exer-
cise). If the initial time is c = 0, then the integral curves of the autonomous 
system (1.19) have the form 

a(t) = (t, ()(t) , v(t)), 

with a(t) = (()(t), v(t)), an integral curve of the nonautonomous system 
(1.17)-(1.18). Thus, a plot of a in R3 gives a curve that, when projected 
orthogonally on the {}-v plane, gives the integral curve a. This is shown in 
Figure 1.8 for the integral curve a from Figure 1.7. For clarity, we have 

Figure 1.8: Plot of the integral curve a(t) = (t,()(t),v(t)) with initial condi-
tions t = 0, ()(O) = 0, and ()'(0) = 0.5 for the perturbed ball in the hoop. 
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rotated the view in Figure 1.8 so that the time axis (axis for T) is vertical. 
This makes it easier to visualize how the curve projects onto the curve shown 
in Figure 1. 7. 

Having examined some concrete examples of dynamical systems, we need 
to introduce some precise terminology and definitions in an abstract setting 
for the notions and ideas contained in these examples (systems of DEs, 
solution curves, phase space, etc.). This is done in the next section. 

Exercises 1.1 
1. If you need some review on curves in the plane and curves in space, read the 

Maple worksheets plcurves .mws and spcurves .mws on the CD-ROM and 
work the suggested exercises there. 

2. Learn how to plot phase portraits for systems in the plane using some com-
puter software package. If you wish to use Maple for this, study the material 
on the CD-ROM in the Maple worksheet: deguide1a.mws. Apply what you 
learn to do the following problems. Note: If you are using Maple, you might 
want to cut and paste some of the code from deguide1a.mws directly into 
your worksheet, which you create for solving the problems. 

(a) Plot the phase portrait for the system in Example 1.2 in the text (the 
Karmen vortex sheet). Make your figure look like, or better than, Figure 
1.2 in the text. Mark the direction of flow on several integral curves. 

(b) Plot the phase portrait for the system in Example 1.5 in the text (the 
ball in the hoop). Make your figure look like, or better than, Figure 
1.5 in the text. Mark the direction of flow on several integral curves. 
Describe the motion of the ball corresponding to each type of integral 
curve in the phase portrait. There are four types in this example. Note: 
() is measured in radians. 

(c) For the system in Example 1.6 (perturbed pendulum), use a computer 
to draw the single integral curve shown in Figures 1. 7 and 1.8. Describe 
the motion of the ball which corresponds to this integral curve. Note: 
() is measured in radians. 

3. Consider the unit cube U = [0, 1] x [0, 1] x [0, 1] with temperature function 

S(x, y, z) = z + k cos(1rx) cos(2try) sinh( V5trz), 

where k = 1/ sinh( V5tr). As in Example 1.3, this distribution of temper-
atures in U corresponds to boundary conditions where the temperature is 
held at 0 degrees on the bottom of U, varies as S(x, y, 1) on the top, and 
no heat is allowed to escape through the (insulated) vertical sides of U. 
Use a computer to draw the heat flow lines that start at appropriately se-
lected points on the top face. Suggestion: Among others, use the following 
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groups of points: Gx = {(x, .55, 1), (x, .6, 1), (x, .7, 1), (x, .8, 1), (x, .9, 1)} for 
x = .4, .5, .6. Draw numerous pictures, some with projections of the flow 
lines on the coordinate planes, in order to adequately describe the phase por-
trait. Choose your pictures judiciuosly. Do not waste paper by handing in 
too many ill-conceived pictures. 

Determine if there are any flow lines that are straight lines. Show that the 
heat flow lines that start at points in the plane y = .5, remain in this plane. 

If you are using Maple, read the worksheet deguide1b.mws first and make 
this assignment easier by using portions of that worksheet in yours. 

1.2 Vedor Fields and Dynamical Systems 
In this section we define the important concept of a vector field on .an open 
set in which allows us to think of a 1st-order system of differential 
equations in a geometric way. 

There is a discussion of certain aspects of multivariable calculus and 
analysis in Appendix A. You should review it if necessary, since some of the 
concepts and notation from it will be used here and elsewhere throughout 
the book. However, a brief word about terminolgy is appropriate here. 

It is standard to denote by the set of all n-tuples, 

of real numbers Xi E i = 1, ... , n. We will view as the canonical 
n-dimensional Euclidean space, whose elements x E are points in this 
space, or alternatively as an n-dimensional vector space, whose elements 
x are vectors (position vectors). Of course, when n = 2 or n = 3, the 
subscripting notation is sometimes not used (as in the previous section) and 
instead of ( x1, x2) we often use ( x, y) or ( (}, v) for a point or vector in 2 . 

Similarly, ( x, y, z) or other variants are often used instead of ( x1 , x2 , x3) for 
a point or vector in 

Generally we will not denote vectors or elements x E by bold face, like 
x, or with arrows drawn over them, like x. It seems easier to teach a class 
and write on the blackboard without having to embelish vectors with these 
extra notations. Thus, the distinction between vectors and scalars (i.e., 
numbers) will have to, and usually can be, understood from the context. 
The one exception to this rule, as you have noticed in the example of the 
2-body problem, is in the places where we discuss mechanics (Chapters 9 
and 10). There we will use boldface to denote vectors. 
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Definition 1.1 (Vector Fields) Suppose 0 }Rn is an open set. A vector 
field on 0 is just a function , or map: 

X: 0----+ JRn. 

In component form, the map X is given by: 

where x E 0 and Xi : 0----+ IR, i = 1, ... , n, are the component functions of 
X . The terminology of differentiability, C 1 , ... , coo, applies to vector fields 
(Appendix A), so we speak of C 1 vector fields, ... , coo vector fields, and so 
on. Usually in the sequel we will assume some degree of differentiability of 
our vector fields, and not mention this explicity except where it is necessary 
to be more precise. 

Vector fields have an important geometric interpretation: for a point 
x E 0, one interprets X ( x) as a vector attached to the point x. Namely, 
instead of plotting the vector X ( x) with its initial point at the origin, take 
its initial point to be x. See Figure 1.9. Doing plots like this at a number 

X(x) 

X(y) 

0 
X(z) 

Figure 1.9: A plot of X at a number of points in 0. 

of different points x, y, z, . .. in 0, as shown, gives a geometric picture of a 
field of vectors (in some respects similar to a field of Kansas wheat). This 
geometric picture also explains the origin of the name vector field. 

In our study of systems of DEs, the notion of a vector field is more or 
less synonymous with a system of (autonomous) DEs. Thus, if X is a vector 
field on 0, the corresponding system of DEs is 

x' = X(x). (1.20) 
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Written out fully in component form the system is 

XI(XI, ... ,Xn) 

x; X 2(xi, ... ,xn) 

Example 1. 7 Suppose X : IR2 --+ IR2 is the vector field given by 

The two component functions of X are xi (XI' X2) = XI X2 and X 2 (XI' X2) = 
XI+ The system of DEs associated with X is 

XIX2 
I 3 4 x 2 XI+ xix2. 

The precise description of what is meant by a solution of a system of 
DEs is contained in the following definition. 

Definition 1.2 (Solutions of Autonomous Systems) 

(1) A curve in IRn is just a map: a : I --+ IRn from some interval I into IRn. 
If a is differentiable, then it is called a differentiable curve. 

(2) If X is a vector field on 0, then a solution of the system 

x' = X(x) 

is a differentiable curve a : I --+ IRn with the properties: 

(a) a(t) E 0, for all t E I; 

(b) a'(t) = X(a(t)), for all t E I. 

Such a curve a is also called a solution curve of the system, or an integral 
curve of the vector field X (or an integral curve of the system of DEs). 
Geometrically, property (a) says that the curve a lies in the open set 0, 
which of course is necessary in order for the expression X(a(t)) in property 
(b) to make sense (X(x) is only defined at points x in 0). Property (b) is 
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the important requirement on a. It just says that a satisfies the system of 
DEs. In component form property (b) is: 

X 1(al(t), ... ,an(t)) 
a;(t) X 2( a1 ( t) , ... , an( t)) 

for all t E J. From a geometrical point of view, this property: a'(t) = 
X(a(t)), means that a is a curve whose tangent vector to the curve at the 
point a(t) coincides with vector X(a(t)) at the same point. See Figure 1.10. 

a'(t) = X(a(t)) 

Figure 1.10: Geometric view of an integral curve a of X 

There are many concrete realizations of this in physics. For example if 
X is an electrostatic force field on a region () then the integral curves 
of X are the force field lines. If X = - V ¢ is derived from a potenetial, then 
a positively charged particle in the force field will move along a force field 
line towards regions of lower potential. Another physical interpretation, as 
we have seen in Examples 1 and 2 above, is where () is a vessel or tank 
in which a fluid is circulating with a steady flow, and X(x) represents the 
velocity of the fluid flowing through the point x at any time. If we select 
any one particle in the fluid and follow its motion over time, then it will 
describe a trajectory that is an integral curve of the vector field X. The 
heat flow in Example 3 above is yet another situation where the vector field 
and its integral curves have physical meaning. There 0 is the unit cube, X 
is the heat flux vector and the integral curves of X are the heat flow lines, 
or Jines along which the heat must flow in order to maintain the distribution 
of temperatures. 
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The idea of viewing solutions of systems of DEs as integral curves of 
a vector field, with the geometrical interpretation this implies, is of great 
importance to the theory of differential equations. In fact, an accurate plot 
of the vector field at a large number of points in 0 will almost delineate the 
picture of what all the integral curves look like. 

Example 1.8 The system of DEs 

Hx1 + x2) 
x; 

is associated with the vector field X : JR.2 ---7 JR.2 given by 

For this example, it's relatively easy to plot the vector X(x) by hand at 
a number of different points x in JR.2 . The plot of this field of vectors is 
shown in Figure 1.11 and gives a rough picture of what X looks like. Even 

as simple as this vector field is, the plot shown in the figure can take 15 
minutes or so to construct by hand. For more complicated vector fields, the 
process of plotting by hand is far too tedious to be practical. Prior to the 
advent of the computer, and especially the PC, all plots of vector fields were 
limited to the simplest examples. Now we can take advantage of plotting 
software to exhibit vector field plots for even the most complicated vector 
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fields. Most software actually plots what is known as the direction field for 
X. This is the plot of kX(x)/IX(x)l at all the points x on a specified grid 
(Here IX(x)l denotes the length of the vector X(x)). All these vectors have 
the same length, namely k, so the resulting plot only indicates the direction 
of X at each point in the grid. The scale factor k depends on the software 
package and on the grid size. For this example the plot of the direction field 
on the rectangle [-1, 2] x [-3, 3], divided into a grid of 20 x 20 points, is 
shown in Figure 1.12. Since each integral curve of X traces out a path in 

3 

,.__.._..__,/__.. ___ ________ ,,,// _______ ________ ,,,,<//// ___ 
_________ i{///// __________ 1{/// ___________ ,,,,, i{l 
_________ i _________ ,,,,,,,,,,, ___________ 

-3 
-1 0 2 

Figure 1.12: A computer-generated direction field for the vector field 
X(x1 , x2) = (Hx1 + x2), 

IR2 that is tangent to the direction field element at each point, its not hard 
to roughly discern from the figure what some of the integral curves look like 
(and that some are straight lines). 

The simplicity of this example also allows us to analytically solve the 
system and explicitly exhibit formulas for the solutions. Thus, solving the 
second equation in the system: x; = -x2j2, gives 

b -t/ 2 x2 = 2e (1.21) 

as the general solution involving an arbitrary constant b2. Substituting this 
in the first equation and solving the resulting DE for x1 gives 

(1.22) 
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as the general solution, involving yet another arbitrary constant b1 . The 
resulting integral curve is then 

"'(t) = (b et/2 - lb e-t/2 b e-t/2) 
V< 1 2 2 ' 2 . (1.23) 

This can be thought of as a formula for the general integral curve since the 
arbitrary constants b1 ,b2 can be chosen so that a(O) = c, where c = (c1,c2) 
is any specified point. This gives the system: b1 - b2/2 = c1, b2 = c2, which 
is easily solved for b1, b2. Then using these values for b1, b2 in the formula 
(1.23) for the general integral curve, we get the specific integral curve that 
starts at c at time t = 0. For example if c = (1, 2), then one easily finds 
that b1 = 2, b2 = 2 and thus the curve 

a(t) = ( 2et/2 - e-t/2, 2e-t/2), 

is the integral curve that satisfies a(O) = (1, 2). 
Even with this explicit formula for a, the plot of the curve (by hand) 

might be tedious, unless more information is used. Generally for curves 
in the plane that are given parametrically (which are easier for computers 
to graph), one can, in theory, eliminate the parameter to get a Cartesian 
equation for the curve. Often this is impossible to do by hand, and when it 
is, the resulting equation is not one for a well-known type of curve. In this 
example, however, we observe that each integral curve must lie on a branch 
of a hyperbola or on a straight line. To see this eliminate the parameter t 
in the parametic equations for the curve and arrive at the single equation 

(1.24) 

To get this, it is necessary to make the assumption that b2 -=/=- 0. Thus, any 
integral curve with b2 -=/=- 0 will lie on the curve given by equation(1.24). 
Since this is a second-degree equation, the corresponding curve is a conic 
section (possibly a degenerate one). From the plot of the direction field in 
Figure 1.12, it is easy to guess that this curve is a hyperbola or a straight 
line. The straight line case occurs for b1 = 0 and then equation(1.24) gives a 
pair of lines: 2xl + x2 = 0 and x2 = 0. The integral curves that lie on these 
lines are also discernible from the plot of the direction field as well. Note 
that in the case when b2 = 0, then equation(1.23) for the general integral 
curve reduces to a(t) = (b 1et12 , 0) and this (when b1 -=/=- 0) lies on the straight 
line x2 = 0. 
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Example 1.9 For the system 

x' 

y' 

sinh(27ry) 
M(x,y) 

- sin(21rx) 
M(x ,y) ' 

21 

which models the infinite row of vortices, the corresponding vector field is 

X(x ,y) = (sinh(21ry), -sin(21Tx)) · 
M(x ,y) M(x,y) 

Doing a plot of this vector field, or its direction field, by hand is not so easy. 
However, a computer-generated plot is shown in Figure 1.13. Solving this 

0.5 ,_.._.._..___...__........_..---,.--....--..__...__..._..._.. __ --......--.__..----.,. __ .__.,..._.. ___ 

-----------------------------__ _..,... _____ .......,. __ _..,... __ ........_ __ _..,... __ .......,. __ 
.......... .......... 

yO Hf{}lHf{}lHft51H 
/,\,/l/'\,/1/,\,/l/' 
/,,,///'''///'''///' __ , _ _,...._, __ .,.... __ __ .,.... __ 

__ ____....__ 
-0.5 ..,_...___._..____.,.-,..._.............._...._._ __ 

-1.5 -0.5 0 0.5 1.5 
X 

Figure 1.13: The direction field for the system (1.1)-(1.2) which represents 
a fluid flow past a row of vortices. 

system, by hand or computer, explicitly in terms of elementary functions is 
not possible. Numerical solutions are always possible and, since explicity 
solvable systems are in some sense rare, the numerical method will be our 
main tool in studying systems. This is discussed in Chapter 2 and is the 
method used in drawing the phase portraits for the figures in this chapter. 
Even when drawing the integral curves with a computer, the plot of the 
direction field for the system is an essential aid and should perhaps always 
be done before plotting any of the curves. A plot of the direction field gives 
a overall view of what to expect, gives the direction of flow for the system, 
and helps locate fixed points, if any. 



22 Chapter 1. Introduction 

Exerdses 1.2 
1. This exercise is related to the activities described in Example 1.9. The system 

there and those here are very simple, so these activities are practical and of 
pedagogical value. For more general systems these activities are not practical. 

For each of the following vector fields X on 

(i) Plot (by hand) the vector X(x) at each of the points x = (x1,x2) in 
the grid of points (x1, x2), with integer components in the specified 
rectangle R = [a, b] x [c, d]. Do this in pencil or black ink. Then plot, 
in red ink, the vectors X(x)/(2IX(x)l) at the same points. 

(ii) Solve (by hand) the system x' = X(x) exactly, using two arbitrary con-
stants b1, b2 in your answer. Eliminate the parameter tin the solution 
and find the x 1-x2 equations for the integral curves. 

(iii) Find the straight line integral curves, if any. These are straight lines in 
the plane such that any integral curve starting at a point on the line, 
remains on the line for all time. 

(a) X(x1, x2) = ( -x1 + 2x2, x1). R = [-2, 4] x [-2, -2]. Hint for part 
(ii): Differentiate the second equation in the system x' = X(x) and 
substitute the result in the first eqution to get a 2nd-order DE involving 
only x2. 

(b) X(x1, x2) = (x1, -x1 + x2). R = [-2, 3] x [-1, 2]. 

(c) X(x1, x2) = (x1, -x1- x2). R = [-2, 3] x [-1, 2]. 

2. Suppose o: : I is a solution of the autonomous system: x' = X(x). 
Show that for any number r, the curve (3 defined by 

(3(t) = o:(t + r), 

for t E I- r, is also a solution of the autonomous system. This is a basic 
property of autonomous systems. Note: By definition, I- r = { s- rls E I}. 
Thus, if the interval I= (a, b), then I- r =(a- r, b- r). 

3. Suppose X : 0 is a vector field on an open set 0 <;;;:; and that 0 is 
symmetric about the origin, i.e., if x E 0 then -x E 0. Suppose X has the 
property: 

X( -x) = -X(x), 

for every x E 0. Show that for each integral curve o: : I of X, the 
curve (3 defined by 

(3( t) = -o:( t)' 

t E I, is also an integral curve of X. Interpret, geometrically, what this 
means for the phase portrait of x' = X ( x). An example of such a vector field 
is X(x1, x2) = (xix2, x1 + x2). 
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4. With the same supposition as in the last problem, but now with the assump-
tion that 

X( -x) = X(x), 

for every x E 0, show that for every integral curve a : I --t JR.n of X, the 
curve: 

(J(t) = -o:( -t), 

for t E -I, is also an integral curve of X. Interpret this geometrically. An 
example of such a vector field is X(x1, x2) = (x1x2, xi+ x§). 

5. As a generalization of Exercise 3, suppose X : 0 --t JR.n is a vector field on an 
open set 0 <:;;; JR.n and that A is an n x n matrix. Assume that 0 is invariant 
under A, i.e., if x E 0, then AxE 0. Suppose X has the property 

X(Ax) = AX(x), 

for every x E 0. Show that for each integral curve a : I --t JR.n of X, the 
curve (3 defined by: 

(J(t) = Aa(t), 

t E I, is also an integral curve of X. 

1.3 Nonautonomous Systems 

So far we have only developed the abstract setting for autonomous dynamical 
systems. They are modelled by x' = X ( x), where X is a vector field on some 
open subset 0 s;;; JR.n. The example of the externally driven pendulum we 
discussed above requires a setting where we use time-dependent vector fields, 
with the corresponding system denoted by 

x' = X(t, x). 

The following definition give the specifics of this. 

Definition 1.3 (N onautonomous Systems) 

(1) A time-dependent vector field is a map 

X : B S: JR_n+l --+ ]R.n, 

defined on an open subset B of JR.n+l x JR.n. Denoting the points 
in B by (t, x), with x ERn, t E R, gives a component form for X: 
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X(t,y) 
...... ·B 

.. · s 

X(t ,z) X(s,z) 

Figure 1.14: Plots of the direction fields for Xt and X 8 • 

For each t E we let 

Bt = {X E I (t, x) E B }. 

This is a slice through B at time t (and may be empty). At this instant 
t in time we get a vector field on Bt in the previous sense (when Bt is 
open). It is the map: Xt(x) = X(t,x). Plotting the direction field for 
Xt gives us a snapshot of X at time t. As t varies so do the plots of the 
direction fields. See Figure 1.14. Often B is a product: B = J x 0, of 
an open interval J and an open set 0 in which greatly simplifies 
things. 

(2) Suppose X : B --+ is a time-dependent vector field. A solution, 
or integral curve, of the corresponding nonautonomous system x' = 
X ( t, x) is a curve: a : I --+ in with the following properties: 

(a) (t, a(t)) E B, for every t E I; 

(b) a'(t) = X(t,a(t)), for every t E I. 

(3) An initial value problem (IVP) consists of finding a solution of a system 
of DEs which passes through a given point at a given time. More 
specifically, suppose (to, xo) E B is a given. The corresponding initial 
value problem is written symbolically as 

x' 

x(to) 
X(t, x) 
xo. 

(1.25) 

(1.26) 

A solution of the initial value problem is a curve a : I --+ that is a 
solution of the system (1.25) and which also satisfies a( to) = x0 (note 
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this implies that the interval I contains to. The condition (1.26) is 
known as an initial condition. Often xo is called an initial point for 
the integral curve in the IVP. 

Later we will look at some theorems and propositions concerning the 
solvability of the initial value problem in general. These results come under 
the heading of existence and uniqueness theorems. Basically we are inter-
ested in knowing whether a given initial value problem (IVP) has a solution 
at all. This is the existence part. When this is the case, we also wish to 
know if there is only one solution (uniqueness), or if possibly there are sev-
eral solutions. For dynamical systems that arise in physics and the other 
sciences, existence and uniqueness of solutions to IVPs is often taken for 
granted. 

Example 1.10 In the two-body system (1.13) discussed above, the system 
is (in vector form) 

I rl VI 
I r2 V2 
I vl - r1)/rf2 

v; r2)/rf2, (1.27) 

and the initial condition just specifies the initial positions and initial veloc-
ities of the two bodies: 

r1 (0) a1 

r2(0) a2 
V1 (0) b1 

v1(0) b2. 

Here a1 =1- a2, b1, b2 are given points (vectors) in ffi.3. With some effort 
we can actually exhibit a solution of this IVP (see the next chapter) with 
explicit dependence on the initial condition data that gives uniqueness of the 
solution. For a larger number of bodies, 3-bodies (like the earth, moon, sun), 
4-bodies, ... , or in general N-bodies, the possibilty of exhibiting an exact 
solution of the IVP (except in highly special cases) is too much to hope for. 
However, proving existence and uniqueness by other means is more tractable. 
The existence and uniqueness question here can be interpreted as saying that 
Newtonian mechanics is deterministic. i.e., knowing the initial positions and 
velocities of the all the bodies determines uniquely their evolution in time 
thereafter. 
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Exerdses 1.3 

1. In the following parts, a solution, involving an arbitrary constant k, of a 
nonautonomous DE x' = X(t, x) on the real line JR, is given. Verify that 
the stated solution actually satisfies the DE and then find the two particular 
solutions that satisfy the two given initial conditions x(t0 ) = x0 • Determine 
the largest domain B lR2 for the time-dependent vector field X : B-+ JR, 
associated with the system and describe the sets Bt. Determine the largest 
intervals I, on which the solutions, a : I -+ JR2 , of the initial value problems 
are defined. Plot, in the same figure, the graphs of the two particular solutions 
and mark, on the figure, the points (to, xo) for the initial data. 

(a) x = t ± v't2 - t3 + k is a solution of 

1 2x- 3t2 
X = ...,....,-----,-

2(x- t) 

for any value of k (and each choice of the ± sign). Initial conditions 
x(1) = 0 and x(1) = 2. 

(b) x = ttan(ln ltl- k) is a solution of 

for any value of k. Initial conditions x(1) = 1 and x( -1) = 1. 

1.4 Fixed Points 
Many autonomous systems have very special solutions, called fixed points, 
which are important not only because they are very simple, but also because 
they often determine the behavior of the other integral curves around them. 

Definition 1.4 (Fixed Points) A point c E 0 is called a fixed point of 
the vector field X: 0-+ JRn, if X( c)= 0. 

Any fixed point gives rise to a very simple integral curve (also called a 
fixed point) of the autonomous system: x' = X ( x). Namely, define o:( t) = c, 
for every t E R Then since ci(t) = 0 and X(a(t)) = X(c) = 0 for every t, it 
is clear that a is an integral curve. Fixed points are also called equilibrium 
points because, for example, in the N-body problem, a fixed point of the 
system gives positions at which the N bodies would remain forever if placed 
there initially with no initial velocity. Another name for fixed points that is 
often used in the literature is critical points. 
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Not all systems have fixed points, but the existence of a fixed point is 
often helpful in analyzing the other solutions of the system, as you will see 
in the later chapters. Some of the previous examples discussed the physical 
significance of fixed points, which further indicates the importance of fixed 
points in the study of systems of DEs. 

You should realize that the determination of fixed points amounts to 
solving the system of algebraic equations X(x) = 0, i.e., X 1(x1, ... , Xn) = 
0, ... 'xn(xl, ... 'Xn) = 0, for the n unknowns XI, ... ' Xn· In general this 
can be difficult to do, both theoretically and numerically, but the following 
exercises give examples where the fixed points can easily be calculated by 
hand. 

Exerdses 1.4 
1. For each of the following systems, write down the formula for the associated 

vector field X and find all the fixed points of X. 

(a) 

x' y2 +x- 2 
y' x2 _ y2 

(b) 

x' (x- 5)(y- 1) 
y' (x- 3)(y + 2) 

(c) 

x' (e-ax-by)x 
y' (!-ex- dy)y 

(d) 

x' y(z- 1) 
y' x(z + 1) 
z' -2xy 

1.5 Redudion to 1st-Order, Autonomous 
Not all systems of differential equations are first-order systems, but, from 
a theoretical viewpoint, a system of any order can be replaced by a corre-
sponding first-order system that is equivalent in some sense to the original 
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system. This is called reduction to first-order and because of this it suffices 
to just study the theory for first-order systems. 

The technique for reducing a system of nth-order DEs to first-order is 
quite natural and easy to do in practice. After reducing to a 1st-order 
system, we remove the time dependence to obtain an autonomous system. 

Many higher order systems are commonly 2nd-order, having their origin 
in physics, chemistry, etc., where the laws of motion of complex systems 
seem to dictate 2nd-order equations. For 2nd-order systems, reduction to 
1st-order amounts to considering the velocities, i.e., the 1st derivatives, as 
extra unknown functions and adding extra equations to the system. 

The general 2nd-order system has the form 

f(t,x,x',x") = 0, 

involving n unknown functions of t, i.e., the component functions of x = 
(XI, ... , Xn). In the above system f : E ----+ IRn is a vector-valued function 
defined on some open subset E of lR x IRn x IRn x IRn, and we will assume 
that system can be manipulated algebraically so as to solve for x" in terms 
oft, x, and x'. Namely so as to put it in normal form: 

x" = F(t, x, x'). (1.28) 

By resorting to the Implicit Function Theorem (with some restrictions on 
f), we are guaranteed that this is possible (in theory). The relation between 
the solutions of the original system and (one) of its normal forms can be 
delineated, but in order to circumvent all these details we will just consider 
systems in normal form ( 1.28). The function F is a map: F : U ----+ JRn, with 
domain some open subset U of lR x IRn x IRn. 

The 1st-order system to which (1.28) reduces is 

x' 
v' 

v 
F(t, x, v). 

(1.29) 

(1.30) 

This is a system of 2n equations for the 2n component functions of x = 
(XI, ... , Xn) and v = (VI, ... , vn). For the sake of clarity, we explicitly write 
the system (1.29)-(1.30) in component form: 
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We can be a little more formal than this by introducing a time-dependent 
vector field X : U ---+ ]Rn x ]Rn, defined by 

X(t, x, v) = (v, F(t, x, v)), 

and then exhibiting the explicit relationship between the solution curves of 
the 1st-order system determined by X and the solution curves of the original 
system. This level of formality is necessary to be precise about the reduction 
to first-order technique, but is rather simple to carry out, so the details are 
left to the reader. 

The reduction of an kth-order system (in normal form): 

(k) - F(t I (k-1)) X - ,X,X, ... ,X , (1.31) 

to a 1st-order system is entirely similar to what we just did for a 2nd-order 
system: just introduce (vector-valued) functions z1 = x, Zz = x 1, ••• , Zk = 
x(k-1), for x and all its derivatives up to order k- 1. Then the kth order 
system reduces to the 1st-order system: 

I 
zk-1 Zk 

F(t, z1, zz, ... , zk)· 

The unknowns here are curves: Zj : I---+ JRn, j = 1, ... , k, in JRn, and so this 
system in vector form is 

z1 = Z(t, z), 

where Z : 0 ---+ ]Rkn is an appropriate time-dependent vector field on an 
open set 0 of lR x ]Rkn. Again, we could be more formal about this, but the 
main idea is clear. The exercises will explore some of the formalities. 

The technique for reducing a 1st-order, nonautonomous sytem 

x1 = X(t, x), 
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to an autonomous system, amounts to introducing another equation for the 
time, considered as a new unknown function. Thus, one considers: 

1 

x' X(xo,x). 

The exact relation of the integral curves of this autonomous system to those 
of the system we began with will be studied in the exercises. 

Exercises 1.5 
1. Consider a second-order system in normal form: 

x" = F(t,x,x'), (1.32) 

where F is a map: F : U --+ lRn, with domain some open subset U of 
lR x ]Rn x ]Rn. The corresponding first-order system is: 

(x',v') = X(t,x,v), 

where X is the time-dependent vector field: X : U --+ ]Rn x ]Rn, defined by 

X(t,x,v) = (v,F(t,x,v)). 

The purpose of this exercise is to describe the precise relationship between 
the solutions of the 2nd-order system and its corresponding 1st-order system. 

(a) Give a definition of what is meant by a solution: a : I --+ ]Rn, of the 
second-order system. 

(b) Show that for each solution a : I --+ lRn of the second order system, the 
curve a : I--+ ]Rn X ]Rn defined by: 

a(t) = (a(t), a'(t)), 

is a solution of the corresponding first-order system. 

(c) Suppose a : I --+ lRn x lRn is a solution of the corresponding 1st-order 
system. Being a curve in lRn x lRn it can be written as 

a(t) = (a(t), jJ(t)), 

where a and jJ are curves in lRn. Show that a is a solution of the 
original 2nd-order system. 
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2. Consider the 1st-order, nonautonomous system: 

x' = X(t,x), 
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where X : B --+ ffi.n is a time-dependent vector field on an open set B 
ffi.n x JR. The corresponding autonomous system is 

1 
x' X(xo,x). 

More formally, introduce a vector field: X: B--+ lR x ffi.n on B, defined by 

X(xo,x) = (1,X(xo,x)). 

This exercise exhibits the relation between the solutions of the nonau-
tonomous system and the autonomous system determined by X. 

(a) Suppose a : I --+ ffi.n is a solution of the nonautonomous system and 
define a curve: a : I --+ lR x ffi.n by 

ii(t) = (t, a(t)). 

Show that a is a solution of the corresponding autonomous system: 
z' = X(z). 

(b) Suppose that a: I--+ lR x ffi.n is a solution of the autonomous system: 
z' = X(z). Since a is curve in lR x ffi.n, it can be written in the form 

ii(t) = (r(t), a(t)), 

where T and a are curves in lR and ffi.n, respectively. Show that there 
exists a constant to such that the curve f3 defined by: 

f3(t) = a(t- to), 

fort E I+ t0 , is a solution of the original nonautonomous system. 

3. Reduce each of the following systems to a 1st-order, autonomous system. 

(a) x"' = x'x + x2 + x". 
(b) x"' = x'x + x2t + x". 
(c) x"' = 5x" + 2'- x + sin3t. 
(d) 

x" x'y + x2y' + y 
y" xy' + y2 - x'. 

4. For each ofthe DEs you were assigned in Exercise 1, Section 3, reduce the DE 
to a 1st-order, autonomous system and plot, in the same figure, the direction 
field for the autonomous system along with the graphs of the two particular 
solutions you found of the nonautonomous system. 
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1.6 Summary 
In this introduction we have attempted to give an overview of the subject of 
study-dynamical systems/systems of DEs. This we have done by means of 
specific examples, general discussions of the important features, and precise 
definitions of some of the objects necessary to formulate the theory in math-
ematical terms. The rest of the book will add to this, not only by digging 
deeper into the details of the topics which arose here in the discussion, but 
also by introducing new topics that suggest themselves naturally. 

The next chapter will introduce some further concepts and techniques 
that arise in the theory of differential equations, and, for the most part, 
the discussion is intuitive. The mathematical tools, theorems, and results 
necessary to make these concepts rigorous will, beginning in Chapter 3, 
eventually be covered. 

While your previous experience in the study of DEs has probably dealt 
primarily with writing down exact, closed-form solutions of DEs and IVPs, 
or with deriving series solutions where possible, you will now find very little 
of that activity stressed here (although from time to time we will explicity 
solve some DEs). In essence the emphasis here is on the qualitative theory 
of systems of DEs, since in practice most nonlinear systems do not have so-
lutions that can be written down explicitly in terms of elementary functions 
(Being able to do this is the quantative aspect of the study of systems of 
DEs.) 



Chapter 2 

Techniques, Concepts, and 
Examples 

In this chapter we look at a number of examples of dynamical systems ( sys-
tems of DEs) in detail and use this as an opportunity to introduce many 
concepts, such as gradient vector fields, stable/unstable fixed points, sepa-
ratrices, limit cycles, transformations of DEs, and conservation laws, which 
will be studied more formally later. Our goal is to give the reader some expe-
rience with looking at, working with, studying, and analyzing some typical 
examples of systems that can occur. The computer exercises here, in the 
previous chapter, and on the CD-ROM are intended to aid the student in ob-
taining this experience and to help establish an intuitive feel for the concepts 
well before we study the underlying theory for these concepts. Waiting until 
after the development of the theory to begin computer analyses of dynamical 
systems is too long to wait. 

A basic understanding of the concepts is easily obtained with a good 
computer and a computer algebra system (CAS), like Maple, which we will 
use here and throughout the text. Maple will be used to numerically plot 
the integral curves for the systems we study and not as a tool for finding 
closed-form formulas for these integral curves (which rarely is possible). In 
essence the vector field X defining the system 

x' = X(t, x) 

contains all the information we need to numerically study the integral curves 
of the system via their plots. It also contains much geometric information 
about the phase portrait of the system as well. 

The mathematics behind the various numerical schemes for solving differ-
ential equations is discussed in many numerical analysis courses and books, 

33 
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and is not part of the scope of this book. However, it is very important, both 
for building a geometric intuition about systems and their flows and for us-
ing Maple's numerical software properly, to have some some understanding 
of how these numerical schemes work. With this in mind we briefly discuss 
the Euler method for numerically solving systems. 

2.1 Euler's Numerical Method 
For simplicity here, we limit the discussion to autonomous systems x' 
X(x), with X: 0 -t JR.n a vector field on 0. 

One can motivate Euler's numerical method in several ways. We begin 
with the geometric way. 

2.1.1 The Geometric View 

Suppose we want to determine an approximation to the integral curve 'Y 
which starts the point c E 0 at time t = 0, i.e., to the curve 'Y which 
satisfies 

"Y'(t) X("Y(t)) 
'Y(O) c 

Plotting the vector X (c) at the point c gives us the direction the integral 
curve will go in flowing away from c (since X(c) = X('Y(O)) = 'Y'(O) is 
the tangent to 'Y at c = 'Y(O)). Visualize constructing (actually drawing) 
a polygonal approximation as follows. Fix a small positive number h and 
move from c along the tangent line a distance of hi X (c) I, arriving at the 
point 

c1 = c + hX(c). 

See Figure 2.1. Note: IX( c) I stands for the length of the vector X(c). If the 
tangent vector X (c) is not too large in magnitude, then the point c1 will be 
approximately on the integral curve 'Y. Thus, joining c and c1 gives the first 
side in a polygonal approximation to 'Y. The next side starts at the point 
c1, where the flow has tangent vector X(c1) As in the first step, now move 
from c1 along the tangent line a distance of hiX(cl)l, arriving at the point 

Joining ct to c2 with a straight line gives the second side in the polygonal 
approximation. By repeating the process for a total of N steps, we get 
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X(c) 

, •' 

. · · y 

c 0 

Figure 2.1: The geometry behind Euler's numerical method for approximat-
ing integral curves of the vector field X. 

a polygonal approximation with vert ices co 
successively computed by 

Euler's Method: 

for j = 0, 1, ... , N- 1. 

c, q, c2, ... , CN, which are 

(2.1) 

Quite simply, Euler's method amounts to computing the points c1, c2 , . . . , CN 

from equation (2.1), with co =cas the initially given point , and then joining 
these points successively with line segments to get the polygonal approxi-
mation to the desired integral curve. See Figure 2.2. 

c 

Figure 2.2: The geometry behind Euler 's numerical method for approximat-
ing an integral curve '"Y of the vector fi eld X. Starting at the initial point c t he 
points c t, . . . , CN are generated by Formula (2.1) and the resulting polygonal 
approximation to '"Y is obtained. 

The polygonal approximation to "/ is o n the time interval [0, T], where 
T = Nh, and the h in Euler's method is known as the stepsize (or more 
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precisely the temporal stepsize because it is the amount of time between 
the successive points), while N is known as the number of time steps. The 
spatial stepsize can vary with j, since the length of the step from Cj to Cj+l 

is 

In regions where X is large in magnitude, these spatial steps can become 
quite large and Euler's method will give poor approximations when h is not 
sufficiently small. 

2.1.2 The Analytical View 

Euler's method, and it's accuracy, is based on the the Taylor series expansion 
of 1 

r(t +h) 

Note: In the second equation, we have written the scalars hk jk! on the left 
of the vectors /(k) (t), as is the custom. Using just the first two terms of the 
Taylor series and the fact that 1'(t) = X(r(t)), we get the approximation 
by the first two terms in its Taylor series expansion: 

r(t+h) r(t)+hr'(t) 
r(t) + hX(r(t)). 

Even with h small enough so that the approximation is good at the first 
step, successive steps compound the approximation and can cause the error 
to grow. This is indicated by looking at the first two steps (starting at 
t = 0): 

,(o) c 
r(h) r(O) + hX(r(O)) 

c + hX(c) = c1 

1 (2h) r(h) + hX(r(h)) 
c1 + hX(cl) = c2. 

Here, as you can see, c1 involves one approximation while c2 involves two 
approximations. Similarly, the approximations to r(3h), ... ,/(Nh) involve 
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the Taylor series approximation and the approximations from the previous 
steps. You can well imagine (see Figure 2.2) how the overall error could 
accumulate over a large time interval. Thus, controlling the stepsize h is 
crucial to obtaining accurate plots. 

Most computer algebra systems like Maple use more refined numerical 
methods than the Euler method, but the basic ideas on approximating so-
lutions, stepsize, accumulation of errors, and so on, are similar. 

Example 2.1 (Row of Vortices) Example 1 from the Introduction will 
serve well to illustrate the need to set appropriate stepsizes to achieve ac-
curate plots of integral curves. If we choose a point near one of the vortex 
centers, say c = (0, 0.1), then the integral curve 1 that starts there at t ime 
zero, 1(0) = c, is a closed, circular-like, curve. Since the speed of flow along 
a streamline (integral curve) is very great near the center of a vortex, the 
numerical approximations to 1 will be quite poor unless the stepsize is small. 

This is illustrated in Figure 2.3, which shows four approximations to 
1, only one of which is reasonably accurate. The plot in the upper left of 

h = O.I T = I 

0 
h = 0.001 T = I 11 = 0.1 T = 10 

0 0 
Figure 2.3: Plots of the approximations to a single integral curve near a 
vortex center in Example 2.1. Upper Left: stepsize = 0.05 and t = 0 ... 1. 
Upper Right: stepsize = 0.01 and t = 0 ... 1. Lower Left: stepsize 
0.001 and t = 0 ... 1. Lower Right: stepsize = 0.01 and t = 0 ... 10. 
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the figure is for the time interval t = 0 ... 1 and stepsize h = 0.05. This 
means that there are N = Tjh = 1/0.05 = 20 spatial steps in the numerical 
method and the resulting approximation is a polygon with 20 sides (which 
can clearly be counted in the figure). However, due to the high velocity, 
the actual integral curve 'Y wraps around the vortex center three times in 
the 1 second time interval. Thus, 20 steps are not enough to give a good 
approximation and this is readily apparent in the figure. Taking a stepsize of 
h = 0.01 gives N = 1/0.01 = 100 steps and results in a better approximation 
as shown in the upper right of Figure 2.3. This is still inaccurate because 
the heavy line thickness indicates that the approximation is "wandering" 
somewhat as it wraps arround the vortex center. This is verified by taking 
h = 0.001 (one thousand steps) to get the plot in the lower left of the figure. 
The "wandering" problem in approximations is exhibited more vividly in 
the plot at the lower right of the figure. This is for t = 0 ... 10, so that 
'Y winds about the vortex center a greater number of times, and h = 0.01. 
Even though the approximation has the right shape, its thickness indicates 
the inaccuracy. 

Having said this, we should also say that there are systems, like the 
perturbed ball in the hoop example from Chapter 1, where an integral curve 
will wander around the phase space and appear to fill out whole regions. 
This is known to occur theoretically and not to be a result of inaccuracies 
in the approximations. This points out the need for having some theory to 
guide the experimental studies done on a computer. 

Exerdses 2.1 
1. Use Euler's method to construct, by hand, polygonal approximations to the 

specified integral curves of the following systems. In each case the integral 
curve starts at c at time t = 0. Two stepsizes h are specified for the given 
time interval [0, T] and both of the corresponding approximating polygons 
should be drawn in the same figure for comparison. 

(a) c = (1, 1), T = 2, h = 0.5, and h = 0.2. The system is 

(b) c = (3, -1), T = 1, h = 0.2, and h = 0.1. The system is 

-Xl + 2Xz 

X1. 

2. For the system in 1(a), but now with hand T unspecified, compute the points 
c1, ... , c5 in Euler's method in terms of h. 
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3. As in Example 2.1, but now for the Karmen vortices, use a computer to 
draw the polygonal approximations to the integral curve that starts at c = 

(0.25, 0.25) at time zero and stepsizes and time intervals: (a) h = 0.05, T = 1, 
(b) h = 0.01, T = 1, (c) h = 0.001, T = 1, and (d) h = 0.01, T = 10. Compare 
and contrast these results with those shown in Figure 2.3. 

2.2 Gradient Vedor Fields 
Many systems x' = X(x) arise from vector fields X which are gradients of 
scalar fields X = \1 F. All heat flow systems and some fluid flow systems 
are of this type. These systems are special and the extra information about 
the system that we get from F is often helpful. 

Definition 2.1 A vector field X : 0-+ ]Rn on an open set 0 ]Rn is called 
a gradient vector field if there is a (scalar) function F: 0-+ JR, such that 

\1 F(x) = X(x), 

for every x E 0. In terms of components of X, the condition is 

for i = 1, ... , n and all x E 0. The function F is called a potential (or 
potential function) for X. If X represents a force field (and is a gradient 
vector field), then it is called a conservative force field. 

Clearly not all vector fields are gradient vector fields, i.e., have potentials. 
Indeed if X has a potential (and is continuously differentiable on 0), then 
necessarily the components of X must satisfy the equations: 

Integrability Conditions: 

(2.2) 

on 0 for all i, j = 1, ... , n (exercise). Note: For n = 3, i.e., for a vector field 
X on an open set 0 in JR3 , the integrability conditions are equivalent to the 
condition that curl(X) = 0 on 0. In general equations (2.2) are necessary, 
but not sufficient, for X to be the gradient of some function. If the domain 
0 is simply connected, in particular if 0 = JRn, then there are integral 
formulas for constructing potentials for any X that satisfies equations (2.2). 
Maple and other CASs have built-in procedures for calculating potentials for 
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vector fields (exercises). When X has a potential F, then for any constant 
c, the function F + c is also a potential for X. Thus, potentials are not 
unique. 

If X is a gradient vector field with potential F , then since \7 F is per-
pendicular to each hypersurface 

s} = {X E I F(x) = k }, 

(called a level set of F), it follows that X = \7 F is also perpendicular to 
each of these surfaces. Consequently, each integral curve of X intersects 
each level set of F orthogonally. In dimensions n = 2 and n = 3 this is often 
useful information, as the next example shows. 

y 

0.5 

0 0.5 X 

Figure 2.4: Plot of the heat flow lines for the temperature function F(x, y) = 
bcos(21rx) sinh(27ry). 

Example 2.2 (Heat Flow in a Square Plate) All heat flows arise from 
gradient vector fields, because the heat flow lines are the integral curves of 
the heat flux vector field X. The heat flux vector field, by definition, is the 
negative of the gradient of the temperature function F, i.e., X= -\7 F . The 
minus sign in this definition is there because \7 F points in the direction of 
greatest increase in temperature and physically heat flows from hot to cold. 
Thus, - \7 F is the direction of heat flow. As a specific example consider the 
temperature function 

F(x , y) = bcos(21rx) sinh(27ry), 
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where b = 1/ sinh(27r). This temperature distribution F arises from bound-
ary conditions where the bottom of the square is held at temperature 0, the 
top is held at a temperature that varies as F(x, 1) = cos(21rx), and the sides 
are insulated (i.e., the heat flux vectors X(O, y) and X(1, y) are tangent to 
these sides, respectively) . The heat flux vector field for F is 

X(x, y) = ( 21rbsin(21rx) sinh(27ry) , -21rbcos(21rx) cosh(21ry)). 

The plots of some of the integral curves of X, i.e., some of the heat flow 
lines for the temperature distribution F, are shown in Figure 2.4. By what 
was said above, each heat flow line must intersect each level curve of F 
orthogonally. A level curve of a temperature function is known as a isotherm, 
since the temperature is the same at all points along such a curve. Figure 
2.5 shows the plots of some the isotherms for this example. With enough 

0 0.5 X 

Figure 2.5: Plot of some level curves (isotherms) for the temperature func-
tion F(x,y) = bcos(21rx) sinh(21ry) and some heat flow lines. 

isotherms drawn in, it is possible to construct a relatively good plot of the 
heat flow lines by starting at a point on the top boundary of the square and 
drawing a curve, by hand, that intersects each isotherm at a right angle. 
While Figure 2.5 does not indicate which temperature corresponds to which 
isotherm, you can get a relative idea of this correspondence by plotting the 
graph of the temperature function F and using a style for the rendering that 
has the isotherms drawn in on the surface. This is shown in Figure 2.6. 



42 Chapter 2. Techniques, Concepts, and Examples 

0 

Figure 2.6: Plot of temperature function F(x, y) = bcos(21rx) sinh(27ry) with 
some of the isotherms drawn in on the surface. 

Example 2.3 (Flow Past a Cylinder) In fluid mechanics there is a class 
of planar fluid flows where the velocity vector field X for the fluid is a 
gradient vector field. These are often introduced using complex function 
theory and, indeed, the construction of many of these is best understood 
using complex variables. We will not go into the details here (see [Ma 
73], [Be 98]), but just mention that is where the vortex examples in the 
Introduction came from. This example comes about in a similar way. 

Thus, consider the vector field on the plane given by 

where a and b are positive const ants. This vector field is defined on the 
whole plane minus the origin, 0 = JR2 \ {0}. 

From the form of X, it is not too hard to recognize that it is the gradient 
of the function 

bx 
F(x,y)=ax + 2 2 . 

X +y 

(Verify!) If you wish, you can use Maple to find this function, even though 
in this case this is easy to do by hand. The role of the potential function F is 
not very physically meaningful here, although it could be used to visualize 
the integral curves as suggested in the last example. Namely, a plot of 
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sufficiently many level curves of F will enable you to draw the integral 
curves, by hand (see the exercises). 

The plot of X (or rather, its direction field) is shown in Figure 2. 7. The 
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Figure 2.7: Plot of the direction field for the vector field X in Example 2.3. 
The parameter values are a = 1, b = 1. 

figure indicates the the presence of a circle of radius r = 1 with center at 
the origin. The points ( x , y) on this circle are special since they have the 
property that X ( x, y) is tangent to the circle at this point (exercise). This is 
important in fluid mechanics because the theory requires that the velocity 
vector field for a certain fluids should be tangent to the boundary of an 
obstacle placed in the fluid. Thus, if we disregard the integral curves on the 
interior of the circle, then the corresponding picture represents an ideal fluid 
flow past a cylinder. This is shown in Figure 2.8. 

You can see from the figure that far from the cylinder, the flow is essen-
tially uniform. Check also that X(x , y) (a, 0) for x2 + y2 large, so that 
the parameter a represents the speed of the uniform flow. 

A related vector field , which contains the one above as a special case, is 

The choice of c = 0 gives the vector field for the flow past a cylinder . For 
c i= 0, this vector field gives a model for a spinning (or rotating) cylinder 
in a uniform flow. Thus, the extra terms change things slightly and give a 
very interesting fluid flow (which you can study more in the exercises). A 
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stagnation point 

-3 0 3 

Figure 2.8: Ideal fluid flow past a cylinder in a uniform flow. The parameter 
values are a= 1, b = 1, the radius of the cylinder is r = JblO, = 1, and the 
speed of the flow far from the cylinder is approximately a = 1. 

potential for this flow is 

bx _1 (y) F(x, y) =ax+ 2 2 - ctan - . 
X +y X 

(Verify this!) Besides having a different form, this new potential has a 
different domain, in fact a smaller one: 

U = { (x , y) I x =/= 0} = IR2 \ { y-axis }. 

Thus, unless the domain for X, which is still 0, is changed, we cannot claim 
that X is gradient vector field according to the above definition. This is in 
the nature of things. One can show that there does not exist a function G 
defined on all of 0, such that \7 G = X on 0 (exercise). 

Exerdses 2.2 
1. (Flow past a cylinder) Consider the vector field from Example 2.3: 

where a and b are positive constants. Do the following 
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(a) Verify that the function 

bx 
F ( x, y) = ax + 2 2 

X +y 
is a potential function for X. 

(b) Show that for a point (x, y) on the circle of radius r = ,;arb (i.e., 
x2 + y2 =a/b), the vector X(x, y) is tangent to the circle at the point. 
Hint: Recall that a tangent vector to a circle at a point is perpendicular 
to the radius vector from the center to the point. 

(c) Show that (±,;arb, 0) are the only fixed points (stagnation points) of 
the flow. 

(d) (Maple users see worksheet gradvecfields.mws.) For parameter val-
ues a = 1, b = 1, use a computer to plot some level curves of the 
function F. Print this out and then, by hand, use the level curve plots 
to construct integral curves of X (i.e., flow lines past a cylinder). Make 
sure the original computer plot contains enough level curves to achieve 
an accurate plot of the flow lines (Cf. Figure 2.8.) 

2. (Flow past a rotating cylinder) Consider the vector field 

X( ) = ( b(y2 - x2) + cy(x2 + y2) -(2bxy + cx(x2 + y2)) 
x, Y a+ (x2 + y2)2 ' (x2 + y2)2 ' 

which contains the vector field from Exercise 1 as a special case. Do the 
following 

(a) Use a computer to find a potential F for X. State the domain ofF and 
compare with the potential in the text. 

(b) Determine if there is a circle in the domain of X, that X is tangent to 
at each of its points. 

(c) Determine the stagnation points of the fluid flow. 

(d) (Maple users see worksheet gradvecfields .mws.) For parameter values 
a = 1, b = 1, c = 1, use a computer to plot the graph of the potential 
function F of your choice. Render it with the contours drawn in on 
the surface. Print out a plot of the level curves of F and use this 
to construct, by hand, a phase portrait, i.e., plots of the fluid flow 
lines past the rotating cylinder. Use a computer to construct a more 
accurate phase portrait. Make sure to include in this the flow lines that 
flow toward and away from the stagnation points. 

2.3 Fixed Points and Stability 
We consider a few examples to illustrate the technique of finding fixed points 
both by hand and by using Maple. 
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Example 2.4 We revisit the last example and consider the vector field 

The fixed points of X (places where it vanishes) are the solutions (x,y) of 
the equation X(x, y) = 0, i.e., of the algebraic system of equations 

b(y2- x2) 
a+...,.--'--;,,--------,--,-::: 

(x2 + y2)2 
-2bxy 

(x2 + y2)2 

0 

= 0. 

This is easy to solve by hand. Thus, the second equation gives that either 
x = 0 or y = 0. If x = 0 then the first equation reduces to a+ bjy2 = 
0, which has no (real) solutions. On the other hand if y = 0, then the 
first equation reduces to a- bjx2 = 0, which has solutions x = ±.Jb!O, = 
±r. Thus, there are two fixed points (±r, 0), which in this case are called 
stagnations points. These points are clearly shown in Figure 2.8, and each is 
an unstable fixed point. Later we will give a precise definition of stability for 
systems of DEs and develop some tools for determining stability. However, 
the instability of the two stagnation points here should be easy to understand 
intuitively. If a particle is placed at either stagnation point, it will remain 
there forever. However, if a particle is placed near, but ever so slightly away 
from, a stagnation point, then the fluid flow will carry it away downstream 
to infinity. That is to say, integral curves of X that start near a fixed point 
do not remain near it as time evolves. 

Example 2.5 An interesting abstract system that does not represent any 
particular physical situation is 

x' 
y' 

(x2 - l)y 

(x + 2)(y- l)(y + 2). 
(2.3) 
(2.4) 

The fixed points of this system are the solutions of the algebraic system 

(x 2 - l)y 0 
(x + 2)(y- l)(y + 2) 0. 

Because of the factored form, this is easy to solve by hand. The reasoning 
is as follows. For the first equation to hold, either x = ±1 or y = 0. We 
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-3 -2 -I 0 2 

Figure 2.9: The direction field for the system (2.3)-(2.4). 

examine what each of these implies in the second equation of the system. (A) 
If x = ±1, then the second equation is (2 ± 1)(y- 1)(y + 2) = 0 and so either 
y = 1 or y = -2. From this we get four fixed points (1 , 1), ( -1, 1) , (1, - 2), 
and ( -1, -2). (B) If y = 0, then the second equation is -2(x + 2) = 0 and 
so x = -2. This gives the fixed point (0, -2). Thus, altogether this system 
of DEs has five fixed points. 

The plot of the direction field for the system is shown in Figure 2.9. 
Here, as is often the case, the number of fixed points can be discerned from 
the figure and even their approximate locations can be found by clicking on 
the plot window at approximately where the fixed points appear to occur. 

The system of DEs has some easily found integral curves which lie on 
horizontal or vertical straight lines. Thus, if we take x = 1 in the first 
equation of the system, i.e., look for an integral curve of the form a(t) = 
( 1, a 2 ( t)), we see that such integral curves are possible because the first 
equation is satisfied automatically, while the second equation becomes y' = 

(y-1)(y+2) , which is easily solved for y (i.e. , for a2(t)). Thus, the vertical 
line through x = 1 contains straight-line integral curves and in fact three 
distinct ones, since this line is divided into three parts by the two fixed 
points (1 ,1) and (1, -2) which lie on it . 

Similar reasoning will lead you to discover the other vertical and hor-
izontal integral curves in the system. These, along with numerous other 
(curved) integral curves are shown in Figure 2.10. 

You can see that some of the fixed points have nearby integral curves 
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- I 

-2 

-3 

-3 -2 - I 0 2 

Figure 2.10: The phase portrait for the system (2.3)-(2.4) . 

which are qualitatively different from the others. The fixed point (1 , -2) 
is an asymptotically stable fixed point, since all integral curves that start 
near enough to it will tend toward it over time. On the otherhand the 
fixed point ( 1, 1) is unstable, since all integral curves that start in a suitable 
small neighborhood of it will leave this neighborhood in a finite amount 
of time. The fixed points ( -1, -2) and ( -1, 1) are likewise unstable fixed 
points since, in a small enough neighborhood of either point, most integral 
curves starting in t he neighborhood will eventually leave the neighborhood. 
The last fixed point ( -2, 0) is stable (but not asymptotically stable), since 
(roughly speaking) integral curves that start near it, will stay near it, but 
not approach it in t he limit . 

Example 2.6 This example illustrates the need to use numerical methods 
to find the fixed points of a system. The system of DEs is 

x ' x5y3 + x2 + y2- 4 

y' x3y + x2 _ y2 + 1. 

The corresponding system of algebraic equations for the fixed points of the 
system is 

x5y3 + x2 + y2 _ 4 

x3y + x2 - y2 + 1 
0 

0, 

(2.5) 
(2.6) 
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-3 0 3 

Figure 2.11: Plots of the curves x5y3+x2+y2 -4 = 0 and x3y+x2 -y2+1 = 
0, showing the two points where these curves intersect. 

and since the individual equations do not factor completely, the system is 
not readily solvable by hand. You can find the solutions of this system 
numerically by using Maple's fsolve command (see the Maple worksheets 
for details on this). This command generally tries to find all real solutions 
if the equations are polynomial equations (as they are here), but often will 
return only one solution. This is the case for this example. Maple returns 
the single solution 

(x, y) = ( -.7817431847, -1.530451384). 

Determing the number of solutions of such a system can be theoretically 
and practically difficult. It is often useful, for systems with two equations 
and two unknowns, to try to determine the number of solutions and their 
approximate values by graphical methods. This is based on the following 
observation. Each equation in the algebraic system (2.5)-(2.6) represents a 
curve in the plane, and solving the system amounts to finding the points of 
intersection of the two curves in the system. Hence, plotting both curves 
in the same picture (with an appropriate window size) can help find the 
number of solutions and their approximate values. Figure 2.11 shows the 
the two curves in the system here. Using this information, you can specify 
a rectangle for Maple to use in searching for the other solution. As it turns 
out, the other solution is 

(x, y) = (.7817431847, 1.530451384), 
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which is the negative of the one found above. One could have exploited 
the symmetry in the system to predict this (exercise), and thus the plot 
in Figure 2.12 only serves to verify that there are only two solution to the 
system. Note: This is not absolute proof that there are only two solutions. 

Thus, the system of DEs has just two fixed points. The plots of the 
direction field and a collection of integral curves of the system is left as an 
exercise. 

Exerdses 2.3 

1. Plot the curves of the algebraic system 

(x2 -1)y 0 
(x + 2)(y- 1)(y + 2) 0, 

using different colors for each curve. This system comes from Example 2.5 
and its solutions are the fixed points of the corresponding system of DEs. 
Because of the algebraic factors, these fixed points are easy to determine. 
Verify that the fixed points are the points of intersection of the curves you 
plotted. Explain why the equations for the curves, because they are factored, 
influences the nature of these "curves." 

2. Plot the phase portrait for the system in Example 2.6, i.e., the system: 

x' x5y3 + x2 + y2- 4 

y' x3y + x2 - y2 + 1, 

Determine the stability of the fixed points. See the material on the worksheet 
fixedpts .mws on the CD-ROM. 

3. Consider the system 

x' x 2 y + xy2 - x - 1 

y' x4 + xy2 + y - 4. 

Do a complete study of this system, that is, do the following. 

(a) Find all the fixed points. Plot, using different colors, the curves in the 
algebraic system that determines these fixed points. Justify that you 
have found all the fixed points. 

(b) Draw a good, complete phase portrait for the system. Choose the 
viewing rectangle of a suitable size so that all the features of the system 
are showing. 
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2.4 Limit Cycles 

A limit cycle for a system of DEs is a closed integral curve which has the 
property that it attracts or repels nearby integral curves. Limit cycles will 
be classified as stable or unstable, much like fixed points, and indeed you 
can consider a limit cycle as sort of a one dimensional analog of a fixed point 
(which is zero-dimensional). As with fixed points, a given system of DEs 
may not have any limit cycles. 

Example 2.7 For convenience of notation let r = (x2 +y2 ) 112 and consider 
the following system in the plane: 

x' 
y' 

(1- r2 )x- (a+ r2 )y 
(a+ r2 )x + (1- r2 )y, 

(2.7) 

(2.8) 

where a is a constant which we will take to be a = -4. (The exercises will 
cover some other interesting choice for a.) This gives a system with a limit 
cycle which is a circle of radius 1 centered at the origin. (In general, limit 
cycles need not be circular.) Figure 2.12, shows this limit cycle and some 
of the other integral curves of the system. As you can see, this limit cycle 

4 

tmstable fixed poilll 

-4 
-4 0 4 

Figure 2.12: Plots of flow lines (integral curves) for the vector field X in 
Example 2.7. A limit cycle, i.e. a closed integral curve which is approached 
in the limit by other integral curves, is clearly visible in the picture. 
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is stable, since all the integral curves of the system which start at points 
either inside or outside the the circle approach it asymptotically. Chapter 6 
gives a general technique for transforming a system of DEs and shows how, 
in particular, the system here can be transformed to polar coordinates. By 
doing so, we can prove that the circle of radius 1 here is actually a limit cycle 
and not just a manifestation of poor numerical approximations. Rather 
than using the general transformation theory, here we motivate the idea by 
showing how it works for transforming to polar coordinates. 

Thus, suppose we look for solutions of the system (2.7)-(2.8) that have 
the special form 

x rcosO 

y r sinO, 

where r = r(t) and(}= O(t) are two new unknown functions oft. The above 
relation between the two sets of unknowns x, y and r, (}allows us to calculate 
the relation between their derivatives. It is easy to see that this relation is 

x' r' cos (} - rO' sin(} 

y' r' sin 0 + rO' cos 0. 

Using all of these relations, we can rewrite the system (2.7)-(2.8) entirely in 
terms of the new unknown functions r, 0. This gives a new system: 

r' cos (} - rO' sin(} 

r' sin (} + rO' cos (} 
(1- r 2)rcos0- (a+ r 2 )rsin0 

(a+ r 2)rcos0 + (1- r 2 )rsin0. 

(2.9) 
(2.10) 

Multiplying the first equation by cos(}, the second equation by sin(}, and 
adding the two resulting equation will yield an equation involving only r'. 
A similar combination will give an equation involving only 0'. These two 
new equations are quite simply 

r' 

e' 
(2.11) 
(2.12) 

(exercise). This new system is known as the polar coordinate version of 
the original or as the transformed system under the polar coordinate map. 
You can see now why transforming the original system is helpful. Indeed 
the new system (2.11)-(2.12) is completely solvable by elementary methods 
(exercise). The first equation does not involve (} and is a separable DE. 
Solving this for r and using this in the second equation, allows (} to be found 
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by integration. This will give the general solution of the system and t hen 
using x = r cos() and y = r sin() will give the general solut ion of the original 
system. 

Here, however, we wish to look at only three particular solutions. In the 
system (2.11)-(2.12), the first equation is just a 1st-order, one-dimensional 
system and is easily seen to have three fixed points r = 0, 1, -1. The use 
of these values in the second equation of the system gives ()' = k , where 
k = - 4, - 3, - 3, respectively, is a negative constant. Thus, ()(t) = kt + ()0 . 

These three solutions of the r-() system give us two solutions of the x-y 
system which are, respectively, (1) a fixed point at the origin (x, y) = (0, 0) 
corresponding to the zero radius r = 0, and (2) the limit cycle, or circle 
of radius one, corresponding to r = ±1. The fact that this is a limit cycle 
and is stable can be proven by using the explicit general solution of the r -() 

system (exercise). Figure 2.13 shows the phase portrait for the polar system 
(2.11)-(2.12). The two vertical, straight-line integral curves correspond to 

Figure 2.13: Plots of flow lines for the polar system (2.11)-(2.12) Example 
2.7. 

the fixed point at the origin (r = 0) and the limit cycle (r = 1). The plots 
of the other integral curves lend experimental evidence to the assertion that 
the r = 1 integral curve corresponds to an asymptot ically stable limit cycle 
in the original system. 

There is a method for constructing, by hand, a rough sketch of the 
phase portrait for the original system just by interpreting the the polar 
system (2.11)-(2.12) geometrically. The circle r = 1 divides the plane into 
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two regions and we can examine the behavior of the integral curves a(t) = 
(x(t), y(t)) which start in one of these two regions. For an integral curve a 
having corresponding polar version j](t) = (r(t), B(t)) with r(O) = r0 > 1, 
the quantity (1 - r2 )r is negative in a neighborhood of r0 . Thus, r' = 
(1- r2 )r < 0 and so r will be be a decreasing function near time zero (and 
in fact for all time) and we would expect a to approach the limit cycle 
r = 1 in the long run. In addition, the quantity B' = r 2 - 4 will change 
from positive to negative as r goes from being greater than to less than 2. 
This indicates that the integral curves that are outside the limit cycle will 
have a turning point in their approaches to the limit cycle and that this 
point occurs as they cross the circler= 2. This is exhibited in Figure 2.12. 
It is predicted from the above comment, since where e' > 0, the angle e 
is increasing (moving counterclockwise) and where e' < 0, the angle e is 
decreasing (moving clockwise). In a similar fashion, for an integral curve a 
that starts inside the limit cycle (and not at the fixed point), 0 < r 0 < 1, 
we can predict from r' = (1 - r2 )r > 0 that r is increasing and from B' = 
r 2 - 4 < 0 that the angle e is always a clockwise rotation (no turning points). 
This analysis enables us to draw a reasonably accurate phase portrait. 

Exerdses 2.4 

1. In Example 2. 7, the system 

x' 
y' 

(1- r2 )x- (a+ r2 )y 
(a+ r2 )x + (1- r2 )y, 

in the x-y plane was transformed into the polar system 

r' 
()' 

(2.13) 
(2.14) 

(2.15) 
(2.16) 

in the r-{} plane, and it was shown how the polar system can be used to 
easily sketch, by hand even, the phase portrait of the original system in the 
x-y plane. While this is the main use of the polar system, it has other uses 
as well. 

(a) The DE (2.15) in the polar system is a separable DE. Solve this ex-
plicitly and write out the particular solution which satisfies r(O) = r0 • 

Use this to show that the limit cycle in the x-y plane corresponding to 
r = 1 is stable, and indeed is asymptotically stable. This means that if 
a is an integral curve, distinct from the limit cycle and the fixed point 
at the origin, then 

lim lo:(t)l = 1. 
t-->oo 
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This is apparent intuitively from the plot of the phase portrait in Figure 
2.12, but needs some rigorous proof nonetheless. You may use the fact 
that any integral curve a of the system (2.13)-(2.14) has the form: 

a( t) = (r( t) cos 8(t)' r(t) sin 8( t))' 

where r, 8 is a solution of the polar system (2.15)-(2.16). 

(b) Figure 2.13 shows the phase portrait of the polar system for a viewing 
rectangle [0, 3] X [-6, 6], i.e., r = 0 .. 3, 8 = -6 .. 6 (radians). Look at the 
phase portrait on the larger viewing rectangle [-3, 3] x [-6, 6] shown on 
the worksheet limitcycles .mws on the CD-ROM. There is an apparent 
symmetry of the phase portrait about the 8-axis (the vertical axis). 
Show that this is indeed the case by proving that if (3 ( t) = ( r ( t), 8 ( t)), 
fortE J, is a solution of the polar system (2.15)-(2.16), then the curves 
defined by 

'Y(t) ( -r(t), 8(t)) 

tJ(t) (r(t), 8(t) + 7r), 

for t E J, are also solutions to the polar system. Show also that (3 and 
fJ correspond to the same integral curve in the x-y plane. Discuss how 
these assertions explain the symmetry in the polar phase portrait and 
why. 

2. The system 

x' 
y' 

(1- r2 )x- (a+ r 2 )y 
(a+ r 2 )x + (1- r 2 )y + b, 

(2.17) 

(2.18) 

with parameters a, b has dramatically different features for different values of 
a and b. In Exercise 1 above, a= -4, b = 0. In this execise study the system 
for the two cases (i) a= -1, b = 0 and (ii) a = -1, b = 1/2. Specifically, find 
all the fixed points and limit cycles (if any) and plot a phase portrait (for 
the x-y system only) which displays all the prominent features. 

2.5 The Two-Body Problem 

We return to the two-body problem from the introduction and use it to 
illustrate several concepts and techniques-conservations laws, Jacobi coor-
dinates, and transformations of systems of DEs, which will help us explicitly 
solve this system. The second-order version of this system 

II mlrl Gm1m2 ( ) 3 r2- rl 
r12 

(2.19) 

II Gm1m2 
(2.20) m2r2 3 (r1 - r2), 

r12 
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will be the most convenient form of the system to use in the theoretical 
discussion. 

We first derive a conservation law associated with this system, which 
comes simply from the observation that if r1 = r1 ( t), r2 = r2 ( t), for t E I, 
is a solution of the system (2.19)-(2.20), then these functions also satisfy the 
equation obtained by adding equations (2.19)-(2.20) together, i.e., 

or equivalently: 

d ( ' ') dt m1r1 + m2r2 = 0. 

This implies there exists a constant (vector) P such that r1, r2 satisfy the 
following: 

Conservation of Linear Momentum: 

(2.21) 

for all t E J. The constant vector P = (P1, P2, P3) is known as the total 
linear momentum of the system, and the conservation law just says that 
no matter how the individual momenta (t), change over time, 
their sum remains constant. Thus, if the initial velocities (0), (0) are 
known, then the total linear momentum is 

Another way to write the conservation of linear momentum law (2.21) is 

and thus we see (by integration) that there exists a constant vector B such 
that 

m1r1(t) + m2r2(t) = Pt + B, 

for all t E J. If we let M = m1 + m2 denote the total mass of the system 
and divide the last equation by M, we get the following: 

Uniform Motion of the Center of Mass: 

(2.22) 



2.5. The Two-Body Problem 

·o . 
c 

57 

Figure 2.14: Line of motion for the center of mass in the two-body system. 

for all t E I. Here m1r1(t)jM + m2r2(t)jM is (by definition) the position 
of the center of mass of the system at time t and the above equation is just 
the law that the center of mass moves with uniform (i.e., constant) velocity 
V = P jM and has position C = B/M at timet= 0. This is illustrated in 
Figure 2.14. 

2.5.1 Jacobi Coordinates 

Having seen above that the motion of the center of mass is as simple as 
possible, i.e., rectilinear, we separate this motion from the more complex 
motion of the bodies relative to one another. Technically, this amounts to 
transforming to new coordinates. 

Definition 2.2 (Jacobi Coordinates) Ifr1 = r 1(t), r2 = r2(t), fortE I, 
is a solution of the two-body system (2.19)-(2.20), let 

R 

r 

(2.23) 

(2.24) 

Then R, rare known as the Jacobi coordinates for the system. The first is a 
vector-valued function pointing, at each time t, from the origin to the center 
of mass, and the second is a vector-valued function pointing, at each timet, 
from the first body to the second (see Figure 2.15). 
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Figure 2.15: The Jacobi coordinates R, r for the two-body system. 

Note that the above definition expresses R and r as linear combinations 
of of r1, r2. In matrix form this is 

where A is a certain 2 x 2 matrix and the other matrices shown are 2 x 3 
matrices with r, Rand r1, r2 as their rows, respectively. Thus, transform-
ing to Jacobi coordinates is a linear transformation of the system of DEs. 
The transformation to polar coordinates in the last example was a nonlin-
ear transformation. Since A is invertible we can express r 1, r2 as a linear 
combination of R , r as well (exercise). Thus, knowing R , r will give us r 1, r2. 

To get the transformed system of DEs for R, r, we use the equations of 
motion (2.19)-(2.20) and the conservation of linear momentum. We use the 
notation 

From the equations of motion, we easily find that R , r satisfy the equations 

R" 0 

r" 

These equations are uncoupled and the general solution of the first equation, 
as we have seen above, is R(t) = Vt + C . Thus, all we need to do is solve 
the second equation for r and that will complete the solution. 


